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NON-ANALYTIC CLASS FIELD THEORY AND GRUNWALD’S THEOREM 
By GrEorGE WHAPLES 


Introduction. I present here a new, simple, and non-analytic proof of the 
theorem of Grunwald [6] on the existence of cyclic fields of minimal degree with 
given local properties—the theorem which is applied in the proof that every 
division algebra is cyclic. I also include a systematic exposition of the main 
part of class field theory, from the index theorems on, in the considerably sim- 
plified form made possible by proving the theorems directly in terms of the 
ideal elements, and the Artin-symbol for ideal elements, introduced by Chevalley 
[1]. No such account exists in the literature, since the non-analytie proofs 
recently given by Chevalley [2] are expressed in terms of topology, infinite 
Abelian extensions, and group characters. This exposition includes non-analytic 
proofs of the theorem that every class field is Abelian and of the norm index 
theorem for general fields, a very simple proof of the theorem on possible values 
of the norm residue symbol, and a proof of the theorem on ramification of class 
fields (which is omitted in [2]). The proof of this ramification theorem is new, 
and somewhat shorter than that which would be obtained by the method of 
Herbrand and Chevalley [3]. 


1. Definitions. Let k be any finite algebraic extension of the rational field. 
A prime divisor p of k is a symbol associated with a valuation | |, of k. (For the 
theory of valuations, see [8], [11; XJ], or [12; III].) The field obtained by 
adjoining to x all limits of Cauchy sequences (with respect to | |,,) will be called 
the p-adic completion of k and will bc denoted by the symbol k, . An ideal 
element of k (k-idéle) is a vector a = (a@,), where p runs through all prime divisors 
of k, each a, is a non-zero element of k, , and a, is a p-adic unit for all but a finite 
number of p. Among all prime divisors are, of course, included the infinite prime 
divisors (those associated with Archimedean valuations). The number a, is 
rallied the p-component of a. The product of two ideal elements is formed by 
taking products of their p-components; it is again an ideal element. If K is a 
finite algebraic extension of k and % = (Ap,) is an ideal element of K (P runs 
through all prime divisors of A), then Nx,,% is by definition the ideal element 
of k with p-components 


a, = I] Nxpit> Ap. 
Pip 


If o is an automorphism of K, we define the valuation | |p. of K by the equation 
| A’ |pe = | Alp. o can be extended to an isomorphism of Kp to K >». as follows: 
if an element A, of K> is the limit of a sequence A, of elements of K, which con- 
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verges relative to | |p , we define A,. to be the limit of the sequence Af of elements 
of K’ relative to | |p. . 

If % = (A,) is an ideal element of K, %’° is defined to be the ideal element of 
K* with components Ap. = A}. Nx«,,% can be interpreted as a product of con- 
jugates; if a = (a,) isa k-idéle and a* = (A®) is the K-idéle with Af = a, for each 
P which divides p, then under the isomorphism a < a* of k-idéles to a subgroup of 
the K-idéles, Nx),%< I] 4°, where o runs through all k-isomorphisms of K to 
subfields of a normal extension of k which contains K. 

The following letters are used throughout this paper to stand for general 
elements of frequently used groups. (The last four are defined later, when first 
used, and are inserted here merely for convenience. ) 


a = all k-idéles. 

a = all non-zero k-elements. 

a, = all non-zero k,-elements. 

e, = all k,-units. (At an infinite prime spot, every non-zero element is con- 
sidered a unit.) 

as = all k-idéles with p-component arbitrary at p in S, p-component any unit 
for p not in S. 

a; = all k-elements which are p-units at all p not in S, arbitrary at p in S. 

a, = all k-idéles with p-component arbitrary, other components 1. 

e, = all k-idéles with p-component any unit, other components 1. 


6° = all k-idéles with p-component 1 for p in S, p-component any unit for 
p not in S. 
Qs; = all k-idéles with p-component arbitrary for p in S, p-component 1 for 


p not in S. 


As usual in class field theory, these letters are sometimes used to stand for the 
whole group (as in the symbol (a : 6), which stands for the index of the group b 
in the group a) and sometimes to stand for an element of the group. It is always 
clear from the context which usage is meant. This notation was introduced by 
Hasse |7; Part Ia, 235]. I will identify a non-zero element a of k with the idéle 
which has a, = a for every p. Thus a may be regarded as a subgroup of a. 

Capital letters are used for similar groups in the field A: % = all K-idéles, 
A = all K-elements, E, = all K>p-units, ete. 

' To simplify the formulas, ‘“‘Nx,,” is sometimes abbreviated to ‘““N’”’, and 
“Nexpiz, to “Np”. No other norm symbols are ever abbreviated. 

2. Preliminary computations. In this section I quote theorems mainly con- 
cerned with index computations from [2]. It should be noted that the logical 
structure of their proof (for which I refer the reader to Chevalley) is much more 
complicated than that of a single chain of theorems. 


Lemma 1. There exist sets S, consisting of a finite number of prime divisors of k, 
such thata = ans. If S contains all infinite prime divisors and if s is the number 
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of prime divisors in S, then there is a set & , & , +++ , €, of elements of as such that 


e, ts a root of unity and the others are not, and every as is uniquely expressible as a 


product of rational integral powers of €, , & , aes 


Lemma 2. If K» | k, is cyclic, and e, and f, are the ramification number and 
degree of Pin Kp | k, , then (a, : NpAp) = e,f, and (€, : NpEp) = f, . 


Lemma 3. Jf K | k is cyclic, if S is a finite set of prime k-divisors which includes 
all divisors ramified in K | k and all infinite divisors, and if a = ads , then 


(a: aN%) = (K :k)(as (\ NUs : NAs). 


Lemma 4. If K | k ts cyclic of prime power degree, there are an infinite number 


of p such that f, = (K :k). 
In the following lemma (as in the entire paper) r stands for the rational field 


and, if p is a finite k-divisor, N,;,p stands for the number of residue classes 
modulo p. 


Lemma 5. If k contains the n-th roots of unity and p* is the power of p which 
divides n exactly, then 


(ce, : €) = nN,,-p’ Uf p ts finite; 


(a, : a3) = nN,,,p’ if p is finite; 


(a, : a) = n = 2 if p is infinite and reai, and n = 2; 
(a, : a) = 1 all other cases 


LemMA 6. Jf K | k is Abelian, then (a: aN%) < (K :k) and (a, : NpAp) < 
(Re > &). 


Finally, I quote a lemma not proved in [2]: 


LemMA 7. If k is a p-adically closed field which is of finite degree over r, , and 
K | k ts of finite degree, then there exist fields K and k, K of finite degree over k, k of 
finite degree over r, with prime divisors P and p such thatK > Kp andk=k,. If 
K | k ts normal, K and k may be so chosen that K | k is normal with Galois group 
isomorphic to that of K | k. 


Proof. 1t follows easily from Hensel’s irreducibility theorem ([{8; 71] or [13; 90- 
91]) that there exist fields L, 1, such that L is of finite degree over | and Lp = K, 
l, =k. IfK | kis normal, let K be the smallest extension of Z which is normal 
over / and let k be the decomposition field of p in K; then Kp = K, k, = k, and 
the Galois groups are isomorphic. 

Lemma 3 contains the second fundamental inequality of class field theory; 
proofs of it even in the classical theory are non-analytic. Lemma 6 is the first 
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fundamental inequality ; before the work of Chevalley, the proof of this required 
use of the zeta function. Use of the zeta function gives (a : aN%) < (K : k) 
for all fields; we will be able to remove our restriction that K | k be Abelian very 
easily after the reciprocity law and the existence theorem have been proved. 

An algebraic extension K | k will be called a class field (to the group aN%) 
when (a: aNV%) = (K:k). From Lemmas 3 and 5 it follows at once that every 
cyclic field is a class field and that if K | k is cyclic, an element of k is a norm 
(from K to k) if and only if it is everywhere a local norm. To prove that every 
Abelian field is a class field we must first prove the reciprocity law. 


3. The reciprocity law. If A | k is Abelian and unramified at p, (K | k/p) 
stands for the element 7 of the Galois group of K | k such that for all integral 
A in K, 


(1) vara (mod P). 


It is well known that there is one and only one such 7 and that it generates the 
decomposition group of p and hence is of period f, . If S is a finite set of prime 
divisors, which includes all those which are ramified in K | k, and a is a k-idéle 
whose p-component is a local norm at all pin S, then [a, K | k]s is defined by 


(a, K | k]s = [] (K | k/py™ (p not in S, p finite), 


where »(p) is the p-ordinal of the p-component of a. The product converges 
because v(p) = 0 for all but a finite number of p. This definition is a preliminary 
one; it will later be extended so as to be equivalent to that of Chevalley. 

It is easily shown that 


(2) (a, K | k]s-(6, K | ks = [ab, K | Ws, 


provided the symbols are defined. If Q | k is algebraic and S’ is the set of all 
Q-divisors Pe which divide p in S, then 


(3) [%s , KQ | Qs: = [No le , K | k]s ’ 


since (KQ | Q/Pa) = (K | k/No,.Pe) for every Pg not in S’. (This follows easily 
from (1).) By use of (2), (3), and Lemma 4, it is possible to construct idéles a 
such that [a, K | k]s is any given automorphism of K | k. 

For any a = (a,) there is an a such that [aa, K | k]s is defined; for we can choose 
an a such that, for every p in S, aa, = 1 (mod p’), with v so large that aa, is a 
local norm. If a is a fixed idéle, we define (a, K | k)s to be the set of all values 
taken on by [aa, K | k]s; as a ranges over all values such that [aa, K | k]s is defined. 
(It will be seen later that (a, K | k)s is really single-valued.) If G* is the sub- 
group of the Galois group G of K | k consisting of all values of [a, K | k]s , then 
if [aa, K | k]; = 7 for some a, (a, K | k)s is the coset rG* of G* in G. So if a* is 
the set of a such that, for some a, faa, K | k]y = 1, i.e., the set of a such that 
(aa*, K | k)s = G*, then it follows from (2) that a/a* = @/G*. 
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THEOREM 1 (Reciprocity law). Jf K | k is Abelian and S includes all prime 
spots at which K | k is ramified, then (a, K | k)s is a single element of the Galois 
group of K | k. a— (a, K | k)s thus gives a homorphism of the group of all idéles 
onto the Galois group. Under this homorphism exactly the elements of the subgroup 
aN correspond to the identity automorphism. Hence (a : aN) = (K :k); every 
Abelian field is a class field. 


Proof. The above discussion shows that Theorem 1 is equivalent to the 
conjunction of the statements a* = aN%, G* = (1), and (a: aN%) = (K :k). 

Case 1. K | kis eyclotomic, generated by a primitive m-th root ¢ of 1, and S 
includes all infinite p and all divisors of m. 

It suffices to prove that G* = (1); for then (a :a*) = (K :k), and since a* ) 
aNYW and by Lemma 6 (a : aNW) < (K :k), it follows that a* = aN. 

If p is finite and prime to m, and ¢ is a primitive m-th root of unity, the con- 
gruence 

aL" (mod p) 
can be sharpened to an equality; for if p is finite and ¢” = ¢“ (mod p), where 
¢” # ¢", then p divides 1 — ¢’™, so p divides (1 — ¢)(1— @) --- A — ¢"") = 
f(\) = m, where f(x) = (@ — )(@# — O)--- (@ He") Hlterterters + 
x"; hence such a p is never prime to m. So whenever [a, K | k]s is defined, we 
see by (1) that ¢'*'*'"’S = ¢°, where ais a rational integer such that a = | N,,, @ 
(mod m). (| N,,,@ | is the ordinary absolute value of this norm, and is thus equal 
to the norm of the ideal generated by a, in case a is an integer of k.) 

But when [a, K | k]s is defined, @ is a local norm at each p in S, so there is an 
A in K such that aNA = 1 (mod m) and is positive at each infinite prime divisor 
of k. (The existence of A depends on a generalization of the Chinese remainder 
theorem which is best stated as an approximation theorem: If a finite set S of 
prime k-divisors is given (infinite p not excluded), an element a, of k, 
each pin S, and € is any positive number, then there is an ain k such that| a — a, |, 
< efor each pin S. This theorem will be used repeatedly.) Then N,,, (aN x\,A) 
= 1 (mod m) and is positive, so [aNA, K | k]s = 1. But [NA, K | k]s = 1 
always, because (K | k/NP) = (K | k/p)’, where P divides p and f is the degree 
of P, so (K | k/NP) = 1 for all P. Hence fa, K | k]y = 1, and Theorem 1 is 
proved for Case 1. 

Case 2. K | k is eyelic and S contains all primes ramified in K | k. 

In this case it suffices to prove that a* = aN%; for since K | k is eyelic, we 
know by Lemmas 3 and 6 that (a :aN%) = (K :k), and since (G : G*) = (a: a*), 
a* = aN implies that G* = (1). Also, a* > aN is already known. Assume, 
therefore, that a fixed idéle a* is given such that [a*, K | k]; = 1; we shall prove 
that a* is in the group aN. 

Since [a*, K | k]s is defined, a* is a local norm at all pin S. Furthermore, at 
all infinite p outside S and all finite p outside S at which a* is a local unit, a* 
is a local norm by Lemma 2. So for suitably chosen %, a*N% has p-component 


is chosen for 
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| at all p in S, all infinite p, and all finite p outside S at which a* is a local unit. 
Thus we will assume that a* has p-component | at all p outside 7', where 7 is a 
finite set of finite prime divisors not in S. (This element a* 
throughout the rest of this proof.) 

Choose a field K’ such that 


K'(\K =k; 


K’ | k is generated by a primitive (m’)-th root of unity, where m’ is prime to 


remains fixed 


all p whose a*-ordinal is not 0, i.e., to all p in 7; 

the Galois group of K’ | k contains an element o’ of period divisible by n = 
(K :k); 
and for any given p in 7’, choose a field K” such that 

K" (\ K'K = k; 

K” is generated by a primitive (m’’)-th root of unity, where m’”’ is prime to 
all p in T; 

(K” | k/p) is of period divisible by n. 


The existence of fields with these properties follows from a theorem proved non- 
analytically in [10]. In fact, only the first and simplest of the theorems proved 
in that paper is needed here; this is an advantage of this proof of the reciprocity 
law over the proof which uses the theory of algebras. 

Since the intersections by pairs of AK, K’, and K”’ are all equal to k, the Galois 
group of KA‘’K” | k is the direct product of the groups of the individual fields 
over k; we will interpret an element of the Galois group of K | k as the auto- 
morphism of KK’K” | k which produces the given automorphism of K | k and 
leaves the other two fields invariant, and will interpret elements of the Galois 
groups of K’ | k and K” | k similarly. 

Let Q’ be the subfield of AK’ left invariant by (o0’), where o is the generator 
of the Galois group of K | k. ((e0’) stands for the eyelic group generated by the 
element ao’.) Let Q” be the subfield of AK” left invariant by (o’o’’), where 
(K | k/p) =o’. In K’K, K’'Q’ is left invariant by (¢) O @o’) = (1); hence A’D’ = 
K’'K. Similarly, K’2"” = A”’K. KK” | Q and KK” | Q” are thus evelotomic, 
and the results of Case 1 apply to them. Let A, be the subfield of KK’K”’ left 
invariant by (¢’e’'o"’). K, includes Q’ and Q’’. 

The structure of the set of fields which we have constructed is given by Fig. 1. 
We now want to compute with bracket symbols, defined in these fields, using 
the rules (2) and (3). All the bracket symbols used from now on are to be under- 
stood as defined relative to the set S” of all prime divisors of the field concerned 
which are infinite, or divide primes in S, or divide m’m”. Then S” contains all 
possible divisors of primes in S and also contains all primes ramified in any of 
the fields in our diagram. Thus (3) is valid for any three fields of the diagram 
to which it could be applied. 


Let D’ be an Q’-idéle such that 


(4) (D’, KK’ | Q’] = oo’, 





ec 





CLASS FIELD THEORY 461 


and let ) = Ny ,D’. The method of proof is to show, by means of the norm 


relation (3), that every k-idéle for which the bracket symbol is defined is con- 
gruent to a power of } (mod aN x,,%). Though this fact is not used in the proof, 
it follows from (3) that [b, KK’ | k] = oo’, so that [d, K | k] =o. 


KKK" 


Fietps Usep in Proor or THEeorem 1 


Let $8, be a K,-idéle such that 
[B, , KA’K” | K,] = o'e’'o”’. 
Then if B = Nx, .9B, , [B’, KK’K” | Q’] 


o’, and o’”’, it follows that 


Qq 
Q 
Qq 
~ 
: 
—_ 
= 
a 
= 
2 
A 
~~ 
= 
3 
~~ 
2. 
~ 
> 
na 
=> 
4 
S 
| 
—_ 
=e 
) 
= 
o 
7 
a 
os 
Q 


Similarly, if 8’ = Nx, ;o- B,, 

(5) [B”’, KK” | Q"] =0'o”. 

Since KK’ | 0’ is cyclotomic, ”” = B’ (mod Ag. Nxx-ig Axe); soifb = Nx, .B., 
(6) = b (mod aN x,.%); 
for db" is in No sl Ae Nex o Ack: ) = aN xx sik: c aN x i. 

Now (K” | k/p) = 0” and (K | k/p) = o'; so (KK” | k/p) = o'o” and Q” is 
exactly the decomposition field of p in KK”, i.e., the largest subfield in which p 
splits into prime factors of degree 1. Hence there is a prime divisor P” in Q” 
such that No..P” = p. If &” is any Q”-idéle which is of ordinal 1 at P”’ and 
is equal to 1 everywhere else, and if f = No\,R”, then [R”, KK” | 2”) 
(KK” | k/p) = o'o” and 
(7) [f, K |.k] =o’. 
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Since KK” | 2” is cyclotomic, (5) shows that R” = B” (mod Ag Ngejg- Axx); 
just as above, then, we get 


(8) f=d' (mod aN x ,%). 


Let a* be of p-ordinal ¢; if a¥ is the idéle whose p-component is equal to the 
p-component of a* and whose other components are 1, then a* differs from f* by at 
most a p-unit, and since p is unramified in K | k, every p-unit is a norm in K, | k 
So by use of (8) and (7), we see that 


vp, 


(9) a* = po" (mod aN x,,%), 


rt 


where [a¥ , K | k] =o 

The same argument can be repeated for each p in 7, K’, D’, and d being kept 
constant, but: A”’ changed for each p. By multiplying the equations of type (9), 
we find that a* = d”(mod aN x,,%), where m is an integer such that [a*, K | k] = 
o”. But since [a*, K | k] = 1, n divides m; so d” is an n-th power and is thus in 
Nx\,%. Hence a* is in aNx,,%, and the theorem is proved for Case 2. 

To prove the theorem in general, we need only note that any Abelian field K | k 
is a product of cyclic fields. If @ is any element of k for which the symbol is 
defined, [a, K | k] leaves every cyclic subfield of K | k invariant; hence [a, K | k] = 
1, G* = (1), and the theorem follows by the argument used at the beginning of 
Case 1. 

If S, > S, then (a, K | k)s, = (a, K | k)s sinee, for some suitable a, aa is a local 
norm at all p outside S, ; hence the primes in S, — S contribute nothing to 
laa, K | k]s ; hence faa, K | k]y = faa, K | k]s,. The subseript S will be dropped 
from now on. 


4. The existence theorem. If S is a finite set of k-divisors, 6* will stand for 
the set of all idéles which are 1 at all p in S and are p-units at all other p. An 
idéle group 6 is called admissible if it contains 6* for some finite S, and is of finite 
index ina. If h contains the group e, of all idéles which are units at p, and are 
1 elsewhere, we say that } is unramified at p. If h contains the group a, of all 
idéles which are arbitrary at p, and are 1 elsewhere, we say that ) splits completely 
at p. We make these definitions in the hope of proving that every admissible } 
has a class field, and that this class field is unramified (splits completely) at 
exactly the p at which b is unramified (splits completely). 

The following lemma shows that we can hope to prove the existence of a class 
field to 6 only when 6 is admissible. 


Lemma 8. If K | k is of finite degree, aN% is admissible and is unramified at 
every p which is unramified in K | k. 


Proof. Let 2 | k be the smallest normal extension containing K. It follows 
from the Hilbert theory of the structure of the decomposition group that the 


Galois group of Q, | k, is solvable for each P [12; Theorems III 10, A, B, and C}. 













Ss 
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Hence repeated application of Lemma 2 shows that (a, : NpAp,) is finite and that 
if p is unramified in K | k, (e, : NpEp) = 1. For these statements are true if we 
substitute Q for K; but the groups of norms from K to k contain the corresponding 
groups of norms from © to k, and if p is unramified in K | k, p is also unramified 
inQ|k. So if S contains all p ramified in K | k, 6° is contained in aN&Y. If 8 
is chosen so large that a = aas , then (a : aN) = (aas :aNAs-) < (as : NAs--); 
this last index is the product over all p in S of the indices (a, : NpAp) and is 
therefore finite. Hence (a : aN) is finite. 


Lemma 9. If the idéle group b possesses an Abelian class field K | k, and if Q 
is any field such that aNo.%o C 6 (where Q and K are both subfields of some larger 


field), thenQ> K. 


For, KQ | Q is Abelian, so the reciprocity law holds and 
(WM ’ KQ | Q) = (Norte ’ K | k). 


But by assumption, K | k is a class field to 6 and No .%o C 6 = aNx A; hence 
(M% , KQ | Q) = 1 for any Ag. But this symbol takes on as values all elements 
of the Galois group of KQ | Q; hence KQ = Q, K C Q. 


Lemma 10. Let 6 be an admissible group of k-idéles and let Q be a cyclic extension 
of k such that the group © of all Q-idéles whose Ng, are in h has an Abelian class 


field C. Then b has an Abelian class field over k, and this class field is a subfield of C. 


Proof. Let the Abelian class field C to § be contained in the field C’, which 
is normal over k. If @ is any isomorphism of C to another subfield of C’, 6 takes 
Q into itself since 2 is normal over k; hence C’ is class field to S$’ = §, so by 
Lemma 9, C’ = C. So C is normal over k. Let 7 be an automorphism of C 
which leaves every element of 2 invariant; let 7 = (M1, C | Q). Then if o is an 
automorphism of C | k which generates the Galois group of @ | k, (’, C | 2) = 
o (A, C | Q2)e0' =ore'. Since Ng, A~’ = 1 and is therefore in 5, A'~’ is by 
construction in §; so (Y°, C | 2) = (A, C | Q):e7r = re. But any automorphism 
of C | k is of form o’r, where 7 is an automorphism leaving 2 invariant. Since ¢ 
is commutative with any 7 and since, by our assumption that C | Q is Abelian, 
any two 7’s are commutative with each other, C | k is Abelian. 

So C | kis class field to aN¢,, A, which is a subgroup of 6. If K is the subfield 
of C left invariant by the group of all automorphisms (6, C | k), then K is a class 
field to 6 itself. For since (a, C | k) has the same effect on K as has (a, K | k), it 
follows that (a, K | k) = 1 if and only if ais in b-aN-,, A = b. Hence, by the 
reciprocity law, h = aNx,,%. The argument used in constructing K also proves 

Lema 11. If any idéle group bh has an Abelian class field K and aD b, D 6 and 
if K, is the field of all elements of K left invariant by the group (b, , K | k), then K, 
is class field to b, . 


THEoREM 2. If 6 is any admissible group of k-idéles, then h has an Abelian class 
Jield. 
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Proof. Case 1. a/b is of type l,l, --- , 1, where lis prime, and k contains the 
l-th roots of unity. 

b > a’, and since 6 is admissible, we can choose a finite set S such that  D 
aa'b*. Choose S so that S also contains all divisors of | and all infinite p, and 
a =aas. Then it follows that 





(a : aa’ b*) = (aay : aab*) = assent 3 SE _— 
(af\ as :al\ ash) 


I] (a, : a’) pots terete tra 


pins 


(10) 





= ———_———_ = | 


(as : a's) I 
where s, is the number of finite prime spots in S, r, the number of real prime 
spots of /, and r, the number of complex prime spots of K, so that s = s, + 7, + 7 
and (k :r) = 7, + 2r,. The first of the equations (10) is obvious. We get the 
second by applying the principle that if ¢ is a homomorphism of a group g and 
(g : h) is finite, then if g, and h, are the subgroups which are mapped onto (1) by 
a, (g° :h°) = (g : h)/(q :h,). (Here is the proof of the principle: g/h is homo- 
morphic to g’/h’, and the subgroup of g/h which goes into 1 under this homo- 
morphism is g,h’/h’ = g,/h, , so that (g :h) = (g° : h’)(g, :h,).) Take g and h 
to be as and ax6*, and « to be the homomorphism mapping each element of as 
onto its residue class in aas/a. Clearly (aas : aas6*) is equal to the index 
((ats/a) : (aasb*/a)) of the corresponding groups of residue classes; the latter 
index is, by our principle, equal to the third expression in (10). To get the third 
equation we use the fact that a ( as6° = as. This is a weakened form of a 
lemma proved in [2; 411]. The rest follows easily by use of Lemmas 5 and 1. 

Now if K | k is the largest extension which is unramified except at primes in S 
and is Abelian of type l, 1, --- , l over k, then, by the theory of Kummer fields 
(for a brief exposition of this theory, see [13]), (K :k) = (asa’ :a') =I’. By 
Theorem 1 and Lemma 8, K | k is a class field to a group including aa‘6*; since, 
by (10), (a : aa'b*) = (K :k), K | k is a class field for exactly aa'b*. Since 
> aa'b*, K contains a subfield which is a class field to b. 

Case 2. a/b is cyclic of prime order /, k arbitrary. 

Let k’ be the field obtained by adjoining to k a primitive [-th root of unity; 
then k’ | k is cyclic. If b’ is the set of all k’-idéles such that N,.\,h’ D 6, then 
a’/b’ is cyclic; for since N,.,,a’ = 1 implies a’ C §’, 


a’/b! = Ny! /Ne! = Ne’ /6bO Nea’ S&S BN,-).0’/6 C a/b. 


So 6’ has a class field by Case 1; by Lemma 10, 6 has a class field. 

Case 3. a/b is eyelic of order /", k arbitrary. 

By Case 2, any 6 has a class field when a/b is cyclic of order 1; suppose it has 
been proved that § has a class field whenever a/b is cyclic of order [""'. Then if 
a is generated by a) (mod 6), the group 6” generated by a; and 6 has a class 





y; 
on 
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field K’ over k, since (a : 6’) = I". The group §’ of all K’-idéles such that 
Nx.’ C 6 has a class field K over k; for (MW: 9’) = (Nx WM : Nx’) by 
the mapping principle used in Case 1; and since Nx.,,%’ = 6’ and Nx.’ = 
Neil’ O\ 6 = 6, the latter index equals 1. By Lemma 10, § has a class field 
over k. 

Case 4. a/b is general Abelian. Then there exist groups 6; such that a/b, are 
cyclic of prime power order and b = (\ 6, . It follows from the reciprocity law 
that the product of the class fields for the 6, is the class field for their intersection. 


Coro.uary 2.1. A given admissible idéle group has one and only one class field 
(if we restrict ourselves to subfields of a fixed algebraically closed field) and that class 


field is Abelian. 


This follows at once from Theorem 2 and Lemma 9. 


Coro.uary 2.2. If K | k is any algebraic extension, then (a : aNY) is equal to 
the degree over k of the largest subfield of K which is Abelian over k. 


For the class field to aNY% is by Lemma 9 a subfield of K. 

The proof of Theorem 2 is only slightly rearranged from that in [2]. It must 
be supplemented by a proof that if 6 is unramified at p, then its class field is un- 
ramified at p; the proof of Theorem 2 gives this when p does not divide the order 
of a/b, but the remaining case is left in doubt, and its difficulties are not trivial. 
It is easy to take care of the ramification by means of the method of Herbrand 
and Chevalley, and in fact the index computations of that method can be much 
simplified by use of Chevalley’s theorems that (a : aa'b*) = I’ anda) a6" = ai 
for suitable S, but I prefer to give here a new proof. 

Assume, then, that there does exist an Abelian field K | k, ramified at p, for 
which } = aNY is unramified at p; we will derive a contradiction from this. It 
is convenient to begin by reducing K | k toa simple form. First, if K | k is not 
of prime degree, K contains a subfield k’ such that K | k’ is of prime degree / and 
is ramified at a divisor p’ of p. By relation (3), Kk’ | k’ is class field to the group 
h’ of all k’-idéles whose norms are in 6; 6’ is also unramified at p’. Since / is prime, 
the ramification number of p’ in K | k’ is alsol. Next, if k’ does not contain the 
l-th roots of unity, let k”’ be formed by adjoining them to k’, and let p” be a 
prime k’’-divisor dividing p’. Since the ramification number of p’ in Kk’ | k’ 
is / and the degree of k’”’ | k’ is prime to l, the ramification number of p” in 
Kk’"| k’ isl. Kk’ | k’’ is of degree l, and, as before, §’”’ is unramified at p”. 

So we need only prove that it is impossible to have a field K | k which is cyclie 
of prime degree /, where k contains the /-th roots of unity and a prime p is ramified 
in K | k but unramified in aN&. If K | k is such a field, p is the I-th power of a 
K-divisor P; if 8 has ordinal 1 at P, and equals 1 everywhere else, then NS has 
ordinal 1 at p and is 1 everywhere else. N%, together with the group e, , thus 
generates a, ; since aNY Dd e, by assumption, aN% Da,. If S contains all prime 
k-divisors ramified in K | k (including p itself), then aN% D aa'b*a, ; hence K | k 
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is subfield to the class field to aa'b*a, . So if we can show that, for some suffi- 
ciently large S, the class field to aa'b*a, is unramified at p, we have the desired 
contradiction. 

Let C be the class field to aa'b*, Z the decomposition field of p in C, and C’ 
the class field to aa‘'b*a,. Then since aNz),%, D ac'b*a, D aa'b*®, Z CC’ CC. 
Now 

— (C :k) (a : aa'b* eS Is 
(C:C’) = ne a ae i wl = (aa ba, : aad) 
(C’ :&) (a : aa b*a,) 
(11) 
(a :))  _ (a 2) 
(a, (\ aa’ b” : a) (a, C\ aa'b® : a’) 





(The fourth equation follows by mapping the groups a, and a‘ into the corre- 
sponding groups of cosets in a,aa‘'b*/aa'b®.) (C :Z) = (Cp :k,) < (a, : @,), 
since by the theory of Kummer fields the last index is the degree of the greatest 
possible Abelian extension of k, in which every automorphism has period n. 
Suppose we can find S such that a, © aa'b* = a}. Then by (11), (C :C’) = 
(a, :a,),s0(C:Z) < (C:C’). Since Z C C’, this implies Z = C’, so C’ | k is 
unramified at p and we have our contradiction. 

The following lemma, which is not more difficult to prove than the more 
restricted one which would suffice, proves the existence of such sets S. 


Lemma 12. If kis any number field, n any rational integer, S a finite set of prime 
divisors, and Qs, the set of all k-idéles which are arbitrary at p in S and are | else- 
where, then there exists a finite set T of prime divisors, such that the elements of T 
are outside any given finite set U, and 


(12) Qs; (\ an"b’*” = ais, . 


(To apply this lemma to the ramification theory, let S contain only the prime 
p; then a;s; = a,. We must also demand that T include all primes ramified in 
K | k; but obviously we do not lose the property (12) by adding extra primes to 
T.) 

Proof. It suffices to show that for properly chosen T the equation a = 
a, s,;6°*a" is impossible whenever a;s; is not an n-th power. Suppose there exists 
a particular number a such that a = a,s,0"6°*", where the idéle a,s, of this 
equation is not an n-th power. Then, since a fails to be an n-th power at some 
p in S, the field Ky = k(ai/") ¥ k, so by an easy consequence of Lemma 4 there 
is a prime p, , outside U’, which does not split completely in Ky | k. Since for all 
p outside S the p-ordinal of a, is divisible by n, Ky | k is unramified except 
possibly at divisors which are in S, are infinite, or divide n. We take py, as the 
first prime of our set 7’. 

If we can find a, such that a, = a5)a"6°*”, where a,s; is not an n-th power, 
and let K, = k(a;’"), then as before there is a p, outside U which does not split 
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completely in A, | k. But, since a is an n-th power at py , po splits completely 
in K,|k. If a, = as)b°*”*”, where a;s; is not an n-th power, the corresponding 
K, , and some p, , have properties similar to Ky , K, , po , p, , except that both po 
and p, split completely in K,. We can continue in a similar manner, getting a 
set of fields Ky, K,,---,A,,--++ andaset of divisors p,,p,,--- , p,, -** unless 
at some stage the equation a,,, = as,;a"b°*”’*****”” has no solutions in which 
ais; is not an n-th power. This must happen for some v; for since each p, splits 
completely in K;,,, A;.., +--+, but notin K; ,k # K, # K,K,_, # K,K,_,K,. # 
-++ #% K,K,_, +--+ K, Ky. Henceif XK, = K,K,_, --- K,Ky, (K,:k) > l’, wherel 
is the smallest prime factor of n; but (A, : k) is bounded since if k’ is the field 
obtained by adjoining all n-th roots of unity to k, K,k’ | k’ is Abelian, with each 
automorphism of period which divides n, and is unramified except at primes which 
are in S, are infinite, or divide n. 
So we have proved Lemma 12 and 


THeoreM 3. If K | k is the class field to b, then K | k is ramified at p if and only 
if b is ramified at p, and splits completely at p if and only if b splits completely at p. 


The part of this theorem which concerns complete splitting follows at once 
from the reciprocity law, once the ramification is settled. 

This method is in a way rougher than that of Chevalley and Herbrand [3]; 
the latter method begins with any S which contains all divisors of n and all 
infinite divisors, and, considering all divisors in S at once, proves that a certain 
subfield of C is unramified at the proper places, without determining the degree 
of Cp | k,. Here, on the other hand, the method is to produce a C such that the 
degree of Cp | k, is the largest conceivable. 


5. Local class field theory and the norm residue symbol. If A | k is Abelian, 
p is a prime divisor in k, and a@, is any non-zero element of k, , then the norm 
residue symbol (a, , K | k/p) is defined to be (a) , K | k)~™’, where ay is the idéle 
whose p-component is a, and whose other components are 1. I take the inverse 
to make this definition coincide with that of Hasse [7; IT, 25]. 

It follows at once that (a, K | k) = I] (a, , K | k/p)", where a, are the p- 

. 
components of a (Chevalley’s definition [1] of (a, K | k)). This product is mean- 
ingful because its factors are | for all but a finite number of prime spots. Also, 
it is evident that, if ais in k, [] (a, K | k/p) = (a, K | k) = 1 (product formula 
» 


for the norm residue symbol, [7; II, 26)). 

The properties of this symbol give rise to local class field theory, i.e., to the 
description of Abelian extensions of fields k which are p-adically complete and 
are algebraic over some p-adic extension r, of the rational field. If k is such a 
field and K | kis Abelian, we define a local norm residue symbol (a, K | k), for all a 
in k, by choosing, according to Lemma 7, auxiliary fields K and k, algebraic over 
r, such that Kp = K, k, = k, and the Galois groups are the same, and then 
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defining (a, K | k) to be (a, A | k/p). Strictly, the latter symbol is an auto- 
morphism of K | k only, while the former stands for the extension of this auto- 
morphism to K | k by the method described in §1. It is easy to see that these 
auxiliary fields can be chosen in an infinite number of ways; until Theorem 6 is 
proved, we must therefore admit the possibility that the local norm residue 
symbol depends on the auxiliary fields used in constructing it. By following the 
definition of the norm residue symbol back to its genesis in the bracket symbol, 
one sees that, at a ramified p (the only ones causing any difficulty), it is defined 
according to the behavior of the extension field at all prime spots except p. So 
this definition of the local norm residue symbol is a very indirect one; a more 
direct definition, which avoids the auxiliary fields, can be given by means of 
simple algebras, but we will not discuss that here. (This other definition is 
described in [4] and [5; VII, §6].) 


TuroreM 4. Jf K | k is Abelian, then (a, , K | k p) and (¢,. K | k/p), respeet- 
ively, take on as values exactly the elements of the decomposition group of pin K | |. 
and the inertia group of pin K | k. 


Proof. The decomposition field Z of pin K | k is the largest subfield in which 
p splits completely; hence it follows from Theorem 3 that if K | k is class field 
to b, then Z | k is class field to a,b; for a,b is the smallest idéle group including 
h in which p splits completely. Thus, as in proof of Lemma 11, Z is the set of 
elements of K left invariant by the group of all automorphisms (a, , K | k); so 
this set of elements is the decomposition group. Similarly, the inertia field is 
class field to e,b, so the set of (e, , K | k) is the inertia group. 


Corouiary 4.1. Lf K | k is Abelian and P is any prime divisor of p in K, then 
a, (\ aN = NAp ; furthermore, (a, ,K | k/p) = 1 if and only if a, is norm of an 
element of Kp . 


Proof. Let a* be the group of all elements of a, for which the norm residue 
symbol is 1. Then by Theorem 4, (a, : a*) = e,f, = (Kp :k,). Buta* D NpAp, 
and by Lemma 6, (a, : NpAp) < (Kp :k,). Soa* = NpAp. Since a, (\ aN is 


the set of all a, whose p-component is in a¥* , it is NU» . 


CoROLLARY 4.2. Suppose that K | k is Abelian, S is a finite set of divisors, and 
a a, 1s chosen for every p such that 
(a) o, 2s in the decomposition group of pin K | k, 
(b) o, = 1 af pis not in S, 
(c) I] o, = l. 
> 


Then there exists an a in k such that (a, K | k/p) = a, at every p. 


Proof. Define the k-idéle a, = (a,) by choosing a, , for each p in S, to be an 
element of k, for which (a, , K | k/p) = ¢, (such elements exist by Theorem 4) 
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and choosing a, = 1 for p notin S. Then (a, A , k) = 1; so by the reciprocity 
law, a = aNYA, for some a and some A. (a), AK | k) = (a,, K | k/p) =a, at 
every p. 


TuHeoreM 5. If k is p-adically complete and algebraic over r, , and K | k is 
Abelian, then (a, K | k) is independent of the choice of auxiliary fields and gives an 
isomorphism between the Galois group of K | k and the group of elements of k modulo 
the group of norms of elements of K. 


Proof. It follows directly from Theorem 4 and the definition of the local norm 
residue symbol that there is such an isomorphism; only the uniqueness proof is 
non-trivial. 

Let K, | k, and K, | k, be algebraic over r and contain prime divisors P, , p; 
and P, , p, such that K,», = K, k;,, = k. and the Galois groups of K, | k; are 





Fic ure 2 


isomorphic to that of K | k. Since the K; are both contained in K, this field 
contains the product fields K = K,K, and k = k,k, , and these fields possess 
prime divisors P and p, dividing P; and p; , respectively, such that K = K, 
and k = k, (see Fig. 2). 

If a is any element of k, let a, a, , a be idéles of k, k, , k, with component a 
at p, Pi , Pe , respectively, and all other components |. Since k, = k,, = he 
the p; both split completely in k | k,; , so that N,.,, a = a, and N,,,a = a. 

From the definition of the local norm residue symbol it is clear that it suffices 


to prove that (a, , A, | k,) and (a. , K2 | k.) give the same automorphism when 
extended to an automorphism of K. Now (a, K | k) and (a, K,k | k) both produce 
the same effect on elements of K, ; since K can be generated by adjoining ele- 
ments of K, tok, (a, K | k) and (a, K, k| k) both extend to the same automorphism 
of K. But (a, K, k | k) = (Nau, a, Ky | ky) = (a, , Ky | ki). Thus (a, , Ay | ki) 
gives the same automorphism of K as does (a, K | k). By the same argument, 
we can show that this is also true for (a, , K, | k.), and thus prove our theorem. 

From Theorem 5 it follows at once that if K >» | k, is Abelian, then (a,: NpAp) = 
(K :k). So if we define K, | k, to be a class field (to the group NpA,p) whenever 
these indices are equal, we get immediately that every Abelian extension of a 
p-adically complete field is a class field. The local norm residue symbol gives a 
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reciprocity law for such Abelian extensions; to complete local class field theory, 
we need only the existence theorem. 


THEOREM 6. Jf k, ts algebraic over r, , and if y, is a subgroup of a, such that 
(yp : @,) ts finite, then there is one and only one field K p which is Abelian over k, and 
is class field to y, (if we restrict ourselves to subfields of some fixed algebraically 
closed extension of k,,). 


Corouuary 6.1. If Kp | k, is any algebraic, complete field, (a, : NpA,) is equal 
to the degree over k, of the largest subfield of K p which is Abelian over k,, ; every local 
class field is Abelian. 


Theorem 6 will follow from the much more inclusive Theorem 7. Corollary 
6.1 is then proved just as in the large; if Cp is the Abelian class field to NpAp, , 
and A, is any element of A, , then (A, , CpK>p | k,) = (NpAy , Cp | k,) = 1 sinee 
N,>A, is by construction included among norms of elements of Cp . Hence 
CpKp = KpandCp C Kp. The formula (Ap , CpKp | k,) = (NpAp, Cp | k,) 
is true whenever C> | k, is Abelian and K, | k, algebraic; it follows at once from 
the similar formula for ideal elements. 


6. Grunwald’s theorem. 


THeoreEM 7. If k is any algebraic number field, if S is a finite set of prime k- 
divisors, and if at each p of S a cyclic extension K (p), of finite degree over k, , is 
given, then there exists a field K | k such that 


(a) K | k ts cyclic; 
(b) if P is any prime K-divisor which divides p, and p is in S, then Kp = K (p); 
(c) the degree of K | k is the least common multiple of the degrees of the K (p) | k, . 


Furthermore, if for every p in S an element a, is so chosen that (a, , K (p) | k,) 
is a generator of the Galois group of K (p) | k, , then there is a field K which satisfies 
(a), (b), (¢) and has an automorphisme such that 


(d) (a, , K | k/p) = o””"” at each p in S, where n = (K :k) and n(p) = 


(K (p) : k,). 
To prove this, it suffices to prove 


TuHeoreM 7’. If to each p in S is assigned a group y, , such that a,/y, ts cyclic 
of finite order n(p), and tf b, is the group of all idéles with p-components in y, and 
other components 1, then there exists an idéle group 6 such that 


(a’) a/b is cyclic, and b is admissible; 
(b’) if pisin S,a,(\b6 = 5b, ; 
(c’) (a : 6) = n = least common multiple of the n(p). 
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Furthermore, if for each p in S an idéle ¢, , which is a generator of a, (mod 6,), 
is chosen, there is an b satisfying (a’), (b’), (e’) and also 


(d’) there is an idéle a such that for each p in Sc, = a,’"’” (mod 6). 


If the y, of Theorem 7’ are chosen as the groups to which, by Theorem 5, the 
fields K (p) | k, are class fields, and if K | k is the class field to 6, then K> | k, 
will be class field to y, ; hence (b’) implies (b). The other conditions in Theorem 
7 follow immediately from those in Theorem 7’. 

We need the following elementary lemma on groups: 


Lemma 13. Let g be a finite Abelian group, n an integer such that g" = (1), and 
h a subgroup of g such that 


(13) gOh=n 


for all v | n (including v = n). Then g is the direct product of h and some subgroup 
h, of g. 


Proof. By expressing g and h as direct products of subgroups of prime power 
order, it is easy to see that it suffices to prove the lemma for each such subgroup. 
Accordingly, we assume that the order of g is a power of the prime /. 

Take h, to be any subgroup of minimal order such that hh, = g. To prove 
our lemma it suffices to show that h, (\ h = (1). Suppose that this intersection 
contains an element » ~ 1. Let y, , --- , 7, be an independent basis for h, and 
let » = I] y,’, taking r; = 0 unless the factor y;' is really ~ 1. Let I’ be the 
highest power of | (possibly /’) which divides all the r; , and assume that the r, 
are so chosen that 7, = 1°. Then by construction y;' # 1. 

But 7 is in g” (\ h; so by (13), 7 = ni’, where m, isinh. Let 

Ne nT ys ee 
and consider the group h’ generated by y{ , y2, -** ,Y¥m- Clearly g = h’h; but 
since (yj) = land y;' # 1, the period of y{ is less than the period of y,. Hence 
ht is of smaller order than h, . This is a contradiction. 


Proof of Theorem 7’. Since the groups b and b, are intersections of groups of 
prime power index in a and a, , respectively, it is easy to see that it suffices to 
prove the theorem for the case in which the n(p) and their least common multiple 
n are powers of a single prime /. We will assume that this is the case. 

The main tool in the proof is Lemma 12; after applying it, only manipulations 
with finite groups remain. By applying this lemma, then, there exists for each 
v | na finite set 7, of prime k-divisors such that a;s; ©\ aa’b**”” = ajs;. Let T 
be the sum of the sets 7, ; then 


(14) Qs) C\ aa’bh**? = ais, (for all » | n). 
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Let aa"b**” = bh. Then (14) gives 
(15) As; C\ a'by = ais; (for all » | 7), 
(16) ays) C1" Do = Q's) ° 


We can now apply Lemma 13, with g = a/b, and h = a, 5;bo/Ho ; for these groups 
are finite, g* = (1), and, since g’ ()\ h is the group of all residue classes (mod 6) 
generated by elements of a,5; () a’bp , (15) shows that g’ (\ h = h’ for all vy | n. 
So a/b» is the direct product of a; 5)5o/b) and another subgroup; that is, we can find 
an idéle-group b, such that a D 6, D bo and a/b is the direct product of a, 5)ho/h. 
and 6,/b,. Using this fact and (16), we see that 


a/b, S ay s;bo/bo S&S ays; /(Qys; COV bo) = ays) /ats; - 


By use of this isomorphism we can reduce study of groups between a and 6, to 


study of groups between a,x; and avs; . First, let hs, be the direct product of the 
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groups b, of Theorem 7’. Then since js; D ais; , @/ Dis)b) SS ays) / Ops; ~ A s)/ is 
is the direct product of the groups a,/, , and is thus generated by the elements 
c, of Theorem 7’, where p runs through S. To build b, we need only extend 6; s)b, 
to a suitable group whose factor group in a is cyclic. 

Since the period of each c, (mod 6,) is a power of /, there is one, say ¢,, , of the 
maximal period n. Take 6 to be the group generated by the elements of 6;s;b, 
and the s - 1 elements 
(17) — (pin S, p # p,). 
If 6. is the subgroup of as, generated by the elements (17) and the elements of 
his; , then a/b & a,s)b,/b2b, & ays) /b.. Hence a/b is generated by c, and is eyelic 
of order n;¢, = &/" (mod b), so (a’), (e’), and (d’) are verified (with a) = ¢,,). 
Finally, the elements (17) are so constructed that a product of powers of them 


is either in 6,s, or differs from any element of 6, s; for at least two pin S. Hence 


a, (\ hb = a, (\ bys; = 6, and, since this implies a, ™ 6 = b, , (b’) is verified. 
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n-TO-ONE MAPPINGS OF LINEAR GRAPHS 


By Paut W. GILBert 


1. Introduction. An n-to-1 continuous mapping is one for which every inverse 
image consists of exactly n points. Such mappings have been considered by 
Q. G. Harrold [2], who showed that no 2-to-1 mapping can be defined on an are. 
(In general, we shall use the term mapping to mean a continuous mapping. ) 
J. H. Roberts [5] extended this result to a closed 2-cell and proved other theorems 
concerning 2-to-1 mappings defined over complete metric spaces. A paper by 
Roberts and Venable Martin [3] deals with such mappings of 2-dimensional 
manifolds. In a second paper [1] Harrold studied n-to-1 mappings on connected 
linear graphs. 

Using the methods developed by Roberts, this paper considers first the ques- 
tion of defining a 2-to-1 mapping of any linear graph A. It is shown that unless 
the Euler characteristic x(A) is even such a mapping cannot be defined on A. 
However, if x(A) is odd, the following analogous question can be investigated. 
Does there exist a mapping of A which is 2-to-1 except that one inverse image 
consists of a single point? T is defined as the class of all mappings 7’ defined 
over linear graphs, where T is either exactly 2-to-1 or else 2-to-1 except that one 
inverse image consists of a single point. In §3, it is shown that a mapping of 
class T can be defined on any linear graph which is a boundary curve and that 
any connected graph is the image of a boundary curve under some T belonging 
tol. In §4, the problem of the definition of n-to-1 mappings on a linear graph 
is considered. It is shown that if a mapping of class T can be defined on a linear 
graph A, then A admits an exactly n-to-1 mapping, for all n # 2. 


2. Two-to-one mappings. Let 7 be an exactly 2-to-1 mapping defined over 
a linear graph A. (A linear graph is the sum of a finite number of ares such that 
if a point p is common to two of the ares, then p is an end point of each of them. 
Considering the end points as vertices and the ares as 1-cells, we have a 1- 
dimensional complex.) The set of inverse images under T is an upper semi- 
continuous collection G of elements filling A, such that every element of G is a 
pair of points. For each point x in A, let s(x) be the other point in the element. 
For any subset M of A, let s(1/) be the set of all points s(x) for which z is in M. 
Let f(x) = p(x, s(x)), where p is the metric in A. Let K be the subset of A con- 
sisting of the points at which f is continuous. It follows from the upper semi- 
continuity of G that as x approaches a point g along an arc in K, f(x) approaches 

Received May 15, 1941; in revised form April 22, 1942; part of a doctoral dissertation 
presented June, 1940 at Duke University. The author is indebted to Professor Roberts, who 
suggested the problem and gave his advice and assistance during the preparation of this paper. 
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a limit which is either 0 or f(q). The following results were obtained by Roberts 
[5; 257]: 


(i) the functions f(x) and s(x) are continuous over exactly the same subset of A; 
(ii) the set K is dense and open in A. 


THEOREM 1. Let C be an open connected subset of K, all the points of which ar 
of second order in A. (By the order of a point we shall mean the Menger order.) 
Suppose there exists a point z in C such that s(z) also belongs to C. Let s(z) = w 
and let P be the arc zw in C. Then for every point x in C — P, s(x) must belong to P. 


If the theorem is false, then there exists a point g in C — P such that s(q) 
does not belong to P. C may be an are or a simple closed curve. In any case, 
we may assume without loss of generality that we have the order zwq on C. 
Since f(x) is positive and continuous over the closed set P, there exists an e > 0 
such that f(x) > efor xin P. Then the distance from z to w on the are P is 
greater than e. Let z, be the first point on this are at a distance e from z. Then 
s(z2z,) is connected, by (i), and contains w. But g does not belong to s(zz,) since 
s(q) is not in P. Also s(zz,) contains no point of zz, since f(x) > ¢ for x in zz, . 
Hence s(z,) is between z, and gq on the are Q = zwq. If the distance from z, to 
w on the subare z,w of P is greater than e, then let z, be the first point on the are 
z,w at a distance e from z,. Then, by the same argument, s(z.) is between z, 
and qon Q. After a finite number of steps, the point z, is reached such that z, 
is in P and is at a distance less than or equal to ¢ from w and such that s(z,) is 
between z, and g. Then, as before, s(w) = z must lie between w and q on Q. 
This is a contradiction. 


Coro_uary 1. Jf q is a point of order 2 in A and an end point of a component 
C of K and if f(x) — 0 as x — q on C, then there exists a point p of C such that 
for any point z in the are pq, s(z) does not belong to pq. 


Pick the point p so close to g that the are pg contains only second order points 
of K and does not contain s(q). Suppose that z and s(z) = w both belong to pg. 
Then by the theorem the point s(q), in particular, must belong to the are zw. 
This is a contradiction. 


Coro.iary 2. Let M be any are of A, all of whose points are of order 2 in A. 
If there exists a component C of K contained in M, with end points p and q, such 
that f(x) > 0 as x > pand as x — q on C, then for every point x in M — C, s(x) 
belongs to C. 


Suppose there exists a point r in M — C such that s(r) is not in C. We may 
assume that we have the order pgr on M. Now f(x) — 0 as x — g on C; hence 
by Corollary 1 there are points of s(C) on the open are segment gr. By (i), s(C) 
is connected. Now C-s(C) = 0. For, otherwise, the points z and w = s(z) | 
would both belong to C and then, by the theorem, for every point x of C — zw, | 
s(x) would be in the are zw, which is impossible. Therefore, since it does not 
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intersect r, s(C) is a subset of gr. But as x — pin C, s(x) > p. This is a contra- 
diction. 


THEOREM 2. I[f q is a point of order 2 in A and an end point of a component C 
of K, then f(x) — 0asx— qonC. 


Suppose the contrary. Then f(x) — f(g) asx —qonC. Let U be an open 
are segment of A containing g and consisting entirely of second order points of 
A. By a theorem of Roberts [5; 258], there exists in U/ an are p,q, and an open 
are segment W such that 


(1) pig isin W; 

(2) gq, does not belong to A, but p,q, — gq is in A; 

(3) f(x) — fig) = deasx—q on pq ; 

(4) if 2 is in W, then either f(x) < € or f(x) > 36¢; 

(5) if pog is any are satisfying (1) and (2) and if f(p.) < ¢, then f(x) — 0 as 
x — gq on the are pod . 


Now q is a limit point of points of discontinuity of f. For, in the contrary 
case, there exists a component C, of K having q as an end point such that 
f(x) ~ Oasx—q,onC,. But then, by Corollary 1, as x — q, on C, , s(x) — | 
but does not lie in C, . This is a contradiction since f(x) — f(q,) as x — q on 
Aq . Now since q, is a point of discontinuity, there exists a sequence of points 
{x,} such that x, — q and f(x,) ~Oasn— . Choose j so large that f(x;) < «, 
x; isin W, and 2; lies between two discontinuities which are in W. By the upper 
semi-continuity there exists an open subsegment W, of W containing x; , such 
that f(x) < efor all xin W,. Since K is dense on A, there exists a point p, in 
K-W,. Let C, be the component of K containing p, , and denote its end points 
by yand z. Then f(x) < ¢ for x in C, , and f(x) — 0 as x > y and as x — z on 
C,. But since f(q,) = 4¢ and f(x) < eon C, , s(q,) does not belong to C,. This 
contradicts Corollary 2. 


THEOREM 3. Let M be an open connected subset of A consisting of points of order 
2in A. Then in M there are at most two points of discontinuity of the function f(x). 


In the contrary case, let C be a component of A in M, with end points p and q 
in M. Then by Theorem 2, as x — p and as x — q on C, f(x) — 0. Now there 
exists another point 7 of M which does not belong to K. Hence there exists a 
sequence of points {x,} such that x, isin M, x, — r and f(z,) ~Oasn— ~. 
Choose j so large that f(x;) < p(x; ,C). Then s(x;) does not belong to C. This 
contradicts Corollary 2. 

DeFiniTion. Given a mapping / defined over a set M, a subset of A/ will be 
called integral with respect to h, provided it is such that, if it contains one point 
of h-(y), it contains every point of h7*(y) [4]. 

DeFinition. Let H be the smallest subset of the linear graph A which is 
integral with respect to T and contains the vertices of A and the points of A — K. 
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By Theorem 3, the set H is a finite point set. Taking the points of H as ver- 
tices, the linear graph A gives rise to a 1-dimensional geometric complex, which 
will be denoted by X. The Euler characteristic x(A) for the linear graph can 
be defined with respect to this complex as x(A) = a, — a, , where a is the 
number of vertices and a, the number of 1-cells in the complex. 


THEOREM 4. A necessary condition for the existence of a 2-to-1 mapping T of 
the linear graph A is that the Euler characteristic x(A) be even. 


Let X be the complex determined by the point set H. For any point z in an 
open 1-cell P of X, s(z) = w cannot belong to P. For if w were in P, then the 
subare zw of P would be composed of points of AK of order 2. But then, by 
Theorem 1, for every point x in P — zw, s(x) would be in zw. This is a contradic- 
tion since, in particular, the end points of P belong to the integral set H. There- 
fore, the function s(2) is topological on P. Hence s(P) is an open are and con- 
tains no points of H. Since the end points of s(P) must be in the set H, it 
follows that s(P) is also an open 1-cell of X. Thus the mapping T determines a 
pairing of the 1-cells and vertices of X, and, therefore, the Euler characteristic 
is even. 

Harrold [1; Theorems 4.3 and 4.4] has proved that if 7 is a 2-to-1 mapping of 
agraph A, 7(A) = B,and T"'(y) = p+ qfor yin B, then Bisa linear graph and 


(1) 2-o(y) = o(p) + o(q), 


where o(2) denotes the order of the point x. (Harrold’s theorems are stated for 
connected linear graphs, but their truth for any linear graph can readily be 
established.) He remarks [1; footnote 11] that formula (1) implies that 
x(A) = 2x(B). It follows from (1) also that the orders of x and s(x) are either 
both even or both odd. Harrold’s theorem [2] that no 2-to-1 mapping can be 
defined on an are is an immediate consequence of Theorem 4. 


TureoreM 5. If there exists a mapping T* defined on A which is 2-to-1, except 
that one inverse image consists of a single point, then x(A) is odd. 


Let z be the single unpaired point of A. For the mapping 7%, define s*(x) 
and f*(x) as s and f were defined for the exactly 2-to-1 mapping 7, taking 
s*(z) = z. As x — z, f*(x) — 0, since otherwise there would exist a point 
‘s*(z) #2. (Note that z must be of even order.) Define the point set H* relative 
to T* as H was defined relative to 7’, but let z belong to H*. Then the points 
of H* determine a complex X*. Now the mapping 7* is topological on every 
open l-cell P of X*, and hence 7*(P) is an open are with end points in the 
finite set 7*(H*) (these end points may be either distinct or coincident points). 
If P and Q are two open 1-cells of X*, either T*(P) = T*(Q) or T*(P)-T*(Q) = 0. 
For suppose y is in 7*(P)-7*(Q). Write 7*-"(y) = x + s*(x), where z is in P, 
s*(z) isin Q. Then it follows that s*(P) = Q. Therefore, X* contains an even 
number of 1-cells. But the number of vertices is odd, and hence x(A) is odd. 
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Corresponding to the problem of defining a 2-to-1 mapping on a graph with 
even characteristic, there is the problem of defining on a graph with odd char- 
acteristic a mapping which is 2-to-1 with one exception. The term 2-to-1 with 
one exception will be used to indicate a mapping which is 2-to-1 except that one 
inverse image consists of a single point. 

Derinition. Let IT be the class of all mappings, defined on linear graphs, 
which are either exactly 2-to-1 or else are 2-to-1 with one exception. 

DeFINITION. Let F(A) = — x(A). 

In the next sections 7’, which has been used in this section to denote an exactly 
2-to-1 mapping, will indicate any mapping in the class T. The functions s(2), 
f(x) and the sets A, H are defined as for the exactly 2-to-1 mapping. But if 
there exists an unpaired point z of A, then we take s(z) = z and let H include 
the point z. 

The examples that follow are linear graphs on which no mapping of class T 
can be defined. The proofs are omitted. 


C, 
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Example 1. Let A, be the graph in Fig. 1. It consists of 37 1-cells and 33 
vertices, and, therefore, E(A,) = 4. But no mapping of class [ can be defined 
on A,. 

Example 2. Let A, be the graph A, — C, in Fig. 1 (C, is the indicated com- 
ponent of A, — (p + q)). Then E(A,) = 3, but A, does not admit a mapping 


of class T. However, the graph A, — C, does admit such a mapping. 
Example 3. In Example 2, E(A,) = 3. But there exist connected graphs, 


for which the value of E£ is less than 3, on which no mapping of class T can be 
defined. An example of such a graph is given in Fig. 2. The value of # for this 
graph is 2. Note also that this example contains no point of order greater than 3. 

It will be shown in §3 that if A is a connected linear graph and F(A) < 2, 
then a mapping of class T can always be defined on A. 
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3. Boundary curves. (A boundary curve is a locally connected continuum 
such that each of its true evelic elements is a simple closed curve.) 


THeoreM 6. Jf alinear graph A is a boundary curve, then a mapping T belonging 
to the class T can be defined on A. 


The mapping is determined by defining over A a transformation s which has 
the following properties: 

(1) for every point x in A, s(x) is a point in A; 

(2) s is continuous except at a finite number of points of A; 

(3) if s(z) = y, then s(y) = 2, except that one point z may be such that 
s(z) = 2; 

(4) the collection G filling A, each of whose elements is the set of points 2, 
s(x), is upper semi-continuous. Then 7 is defined as that mapping of A into G 
such that each point of A is carried into the element of G to which it belongs. 
In the proof we distinguish three cases. 

Case 1. E(A) = —1. Then the graph is acyclic. The proof proceeds by 
induction on the number of I-cells of the graph. If A consists of one 1-cell, 
with end points p, g, then pick any other point rin A. “Let the function s map 
pr topologically into rq, with s(p) = g and s(r) = r. If for 2 in rq we let s(x) = 
s '(x), then s is completely defined over A. Suppose now that A consists of n 
l-cells, where » > 2 (assume that only points of order different from 2 are 
vertices of A). Then there exists a pair of 1-cells pq and pr of A such that q¢ 
and 7 are points of first order in A. Let s be a topological mapping of pq into pr 
such that s(q) = rand s(p) = p. For x in pr, let s(x) = s(x). Let A, = A — 
(pq + pr) + p. By the induction, the s-function can be defined on A, . Hence 
s is completely defined on A, and the induction is complete. 

Case 2. E(A) = 0. Then A contains just one simple closed curve J. In this 
case it will be shown that, given any point z in J which is of second order in A, 
there exists a mapping 7' of class T defined on A such that as x — z on any are 
of A, f(x) > 0. 

If there exists a pair of 1-cells pq and pr of A such that g and r are points of 
first order in A, then s can be defined on these two ares as it was in Case 1, 
leaving the point p unpaired. Repeat this process on the subgraph A, of A on 
which s is still undefined, if A, contains such a pair of ares. (A subgraph A, of 
A is a graph containing a subset of the 1l-cells of A and the vertices of A which 
are on those 1-cells.) After a finite number of steps, we obtain in this way a 
subgraph A* of A such that A* = J + (pigs + Pode + -+* + PaGm), Where the 
ares {p,q} have no points in common and each has only the point p; in common 
with J. (A* may equal ./, in which case m = 0.) It remains to define s on A*. 

We distinguish two cases. If m is even or 0, there exists a point 2* of 7, which 
is of second order in A* and which is such that the two components C, and C, 
of A* — (z + 2*) contain the same number of points of third order. Then C, 
and (, are homeomorphic. Let s be a topological mapping of C, into C, such 
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that s(z) = z, s(z*) = 2*. ForzinC,, let s(x) = s‘(x). The definition of s 
on A* is completed in this case by taking s(z) = <*. If, on the other hand, m 
is odd, pick the vertex p,; such that the two components C, and C, of A* — 
(z + p.q;) contain the same number of points of third order. Since C, and C, 
are homeomorphic, s may be taken as a topological mapping of C, into C, , with 
s(z) = z and s(p,) = p, . Pick any interior point r, of the are p,q, , and let s map 
pr, topologically into r.qg; , with s(p;) = qg; . Complete the definition of s by 
taking s(z) = 7;. (Note that f(x) — 0 as x — z and as x — s(z) on each are of 
A. A point such as z will be called a free point relative to s, since it may be 
paired with any other such point, or left unpaired. ) 

Case 3. E(A) > 0. Let J be any simple closed curve in A. Let C be the 
largest connected subgraph of A which contains J and which contains at most 
one point from any other simple closed curve in A. Then E(C) = 0. Hence, 


by Case 2, the s-function can be defined on C. Let A, = A—C. The sub- 
graph C contains just one point in each of a finite set of simple closed curves 
J, ,d2,+++,Jd,. Denote these points by x,, 22, -+--,2,. Then let C; be the 
largest connected subgraph of A, which contains J; and which contains at most 
one point from any other simple closed curve in A, (j = 1, 2, --- , k). Sinee 
the maximal cyclic elements of A are simple closed curves, then the sets C, , 
(, , ++: , C, have no points in common. Moreover, the set D = C, + C, + 


-++ + C, contains at most one point from any simple closed curve of A, which 
is not contained entirely in D. From the definition of C, the point 2; must be 
of second order in C; . Moreover, E(C;) = 0. Hence, by Case 2, the function 
s can be defined over C; so that x; and s(x;) are free points relative to s. Now 
x; has already been paired with a point on C, and hence we shall leave s(2;) un- 
paired for the present. Thus s is defined over each set C; in D. If the graph 
A, = A, — D is not vacuous, then repeat the process on A, . After a finite 
number of steps, the graph A is exhausted. Then the s-function has been 
defined everywhere on A, except for a single unpaired point on each simple 
closed curve of A (except J). Since these points are all free points relative to s, 
they may be paired up arbitrarily. Note that if E(A) is even, then there are an 
odd number of simple closed curves in A, and hence the mapping is exactly 2-to-1. 
If L(A) is odd, a single point is left unpaired. This completes the proof of the 
theorem. 

Note that the problem of the definition of 7 belonging to T on any connected 
graph A for which F(A) = —1 or 0 is solved by Cases 1 and 2 of this theorem. 
In fact, we have the following: 


THEOREM 7. Jf A is a connected linear graph and E(A) is less than 2, then a 
mapping T of class T can be defined on A. 


Since A is connected, F(A) must take on one of the values —1, 0, or 1. Then 
either (1) A is a boundary curve, or (2) A contains just one true cyclic element, 
which is a 6-curve. In (1), A admits a mapping of class T, by the preceding 
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theorem. In (2), denote by / the 6-curve in A. By the method used in Case 2 
of Theorem 6, we can reduce the problem to the definition of the s-function on 
a subgraph A* of A such that A* = J + (pig, + pogo + +++ + Pndm), Where the 
ares {p,q;} have no points in common and each has only the point p,; in common 
with J. Denote the three ares of J by pxq, pyq, pzqg. Suppose first that all the 
points of these ares, except p and q, are of second order in A*. Then let s be a 
topological mapping of pxq into pyq, with s(p) = pand s(q) = g. The subgraph 
of A*, on which s has not been defined, is acyclic, and hence s may be defined 
on it by Case 1 of Theorem 6. Suppose, on the other hand, that one of the three 
open ares in J, say pxq, has points of third order in A*. Let r be the last point of 
third order on this open are. Let C be the component of A* — (p + r) which 
contains the point g. Then E(C) = 0, and p is of order 2 in C. Hence, by 
Case 2 of Theorem 6, s may be defined on C so that p is a free point relative to s. 
The graph D = A* — Cis acyclic, and r is of order 2in D. Hence, by an exten- 
sion of Case 1 of Theorem 6, s can be defined on D so that r is a free point relative 
tos. This defines s completely on A*. 

If the graph A were not connected, this theorem would not be true. If fact, 
let A consist of three components, two of which are simple ares and the third of 
which is the graph A, given in Example 2 of §2. Then E(A) = 1, but it can be 


shown that A does not admit a mapping of class I. 


THEOREM 8. Let M be the class of all linear graphs A which are boundary curves. 
Let N be the class of all image spaces T(A), where A belongs to M and T belongs to 
r. Then N is the class of all connected linear graphs. 


By Theorem 6, if A is in M there exists a mapping T of class defined on A. 
By an application of the procedure used in §2 on exactly 2-to-1 mappings, it 
can be shown that 7(A) is a linear graph. From the continuity of 7’, since a 
boundary curve is connected, then 7(A) is connected. It remains only to prove 
that, if B is any connected linear graph, then there exists a graph A belonging 
to M and a mapping T' belonging to T such that T(A) = B. It will be enough 
to define T so that 7'(A) is homeomorphic to B, not necessarily equal to B. For 
if we denote the homeomorphism by h, then h7(A) = B, and the mapping hT 
will belong to T if 7’ does. 

As in the proof of Theorem 6, the s-function will first be defined on A. This 
function gives rise to an upper semi-continuous collection G filling A. Then T 
will be taken as that mapping of A into G which carries a point x of A into the 
element of G to which it belongs. The proof proceeds by induction on the num- 
ber of 1-cells in B. 

Suppose first that B consists of a single 1-cell, i.e., B is an are. Then let A be 
an are pq, and pick any interior point r of this are. Let s be a topological map- 
ping of pr into rq such that s(p) = q and s(r) = r. For x in rq, let s(x) = s“'(z). 
Then 7'(A) is an are, and hence is homeomorphic to B. 

Now let B be any connected linear graph composed of n 1-cells (n > 1). 
Two eases will be distinguished. 
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Case 1. B is acyclic. Then there exists a 1-cell P of B such that B, = B — P 
is connected. Hence P has only one end point y in common with B,. By the 
induction there exists A, belonging to M and 7, belonging to T° such that 
T\(A,) = B,. Let s, be the s-function corresponding to the mapping 7, . 
Determine z in A, such that 7,(z) = y. The graph A is formed from A, by 
adding independent ares zp and zq, which have only the end point z in common 
with A,. Let s map zp topologically into zg, with s(p) = q and s(z) = z. For 
xin A, , let s(x) = s,(x). Then the mapping 7 corresponding to the s-function 
is such that 7T(A) is homeomorphic to B. 

Case 2. B contains a simple closed curve J. Let P be a 1-cell of B contained 
in J. Then B, = B — P is connected and P has only its two end points y, and 
Y2 in common with B,. By the induction there exists A, in M and T, in T such 
that 7,(A,) = B,. Determine x, and x, in A, such that 7,(2,) = y, and T,(x.) = 
y2. Then A is formed from A, by adding the mutually exclusive simple closed 
curves 2,ap,bz2, and x,cp,dx, , which have only the points 2, and zx, in common 
with A,. Lets be a topological mapping of x,ap, into 2,bp, such that s(2,) = 2; 
and s(p,) = p, . Define s similarly on the other simple closed curve and set 
s(p,) = po. For x in A, , let s(x) = s,(x). The corresponding mapping T is 
such that 7'(A) is homeomorphic to B. Thus the induction is complete. 

Note that the mapping 7 defined in the course of the induction is exactly 
2-to-1, or 2-to-1 with one exception, according as 7, is. But the mapping, in 
vase B is a single 1-cell, is 2-to-1 with one exception. It follows that, given any 
connected linear graph B, there exists A belonging to M and a mapping T which 
is 2-to-1 with one exception such that T7(A) = B. This last statement is not 
true if we take T to be an exactly 2-to-1 mapping. But it can be shown that 
if the connected graph B contains a simple closed curve, then there does exist 
A in M and an exactly 2-to-1 mapping 7' such that T(A) = B. 


4. n-to-1 mappings. We consider now the more general case in which a map- 
ping W of a linear graph A is such that every inverse image consists of exactly 
n points, where n is an arbitrary positive integer. We define first three particular 
transformations of an are A into itself. In these three examples, n will denote 
an odd integer. 

Type 1. Let the end points of A be a anda, . Pick n — 1 distinct interior 
points of A, and label them so that we have the order dp , a, , @2 , +++ , a, on A. 
Let W, be a transformation of A into itself having the following properties: 


(1) W,(a;) = apy if 7 is even; W,(a;) = a, if 7 is odd; 

(2) for each 7, W, is a topological mapping of the are a,a;,, , carrying this are 
into A. Then each inverse image under W, consists of exactly n points, except 
that Wy'(a,) and W;'(a,) consist of (n + 1)/2 points each. 


Type 2. Denote the end points of A by xz, and x. Pick in the interior of A a 
sequence of distinct points x, , x; , --+ which are in the indicated order on A and 
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have x as a sequential limit point. We define a transformation W, of A into 
itself having the following properties: 


(1) W.(x) = 2, and for each 7, W,(x;) = 2; ; 

(2) for each 7, W, is a transformation of Type 1 on the are wv,.0;,; , carrying this 
are into itself. Then each inverse image under W, consists of exactly n points, 
except those containing x, and x. IWy'(x) consists of a single point, and Wy;'(2,) 
contains (n + 1)/2 points. 


Type 3. Let A be the are zx,2. We define a transformation W, of A into itself 
as follows. On the are x,x, Ws; is a transformation of Type 2, carrying 2,2 into 
itself, with Wy'(x) = x. Similarly on 2,2, W,; is of Type 2, with Wz'(z) = z. 
Then each inverse image under W, consists of n points, except that Wy’ (ax) and 
W,;'(z) each consist of a single point. 

These mappings will be referred to for convenience as n-to-1 mappings of 
Types 1, 2, and 3 although they are not exactly n-to-1. 


THEOREM 9. Jf n is odd, then every linear graph A admits an n-to-1 mapping. 


To the vertices of A add enough second order points so that the number of 
points in the resulting finite point set V is exactly divisible by n. We define a 
continuous transformation W, on A as follows. On each 1-cell pq of the complex 
determined by the set V, let W, be an n-to-1 mapping of Type 3 carrying pq into 
itself, with W,(p) = p. Then W,(A) = A, and every inverse image under W, con- 
sists of n points, except that the points of V are left unpaired. Group these points 
into mutually exclusive sets V, , V., --- , V; , consisting of n points each. Let 
W, be the mapping of A obtained by identifying all the points in each of these 
sets V; . Then the mapping W = W,W, is an exactly n-to-1 mapping of A. 
The image space in this case is a linear graph. 


THeoreM 10. Jf a linear graph A admits a mapping T of class 1, then there 
exists an n-to-1 mapping of A, for every n # 2. 


By the preceding theorem, we need consider only the case where n is even. 
An n-to-1 mapping W, will be defined over A. Let L be the smallest integral 
subset of A satisfying the following conditions: 


(1) L contains the point set H which corresponds to the mapping 7’ (see §2); 

(2) if A contains an unpaired point z (i.e., s(z) = z), then the component. of 
A — L which contains z contains no other point of H; 

(3) the number of pairs of points p, s(p) in L is even (if A contains an unpaired 
point z, then z will be considered as one of these pairs of points in L). 


Then L is a finite point set. If we take the points of L as vertices, A gives 
rise to a complex X. The mapping 7 determines a pairing of the 1-cells of X. 

Let P be an open 1-cell of X, with end points p and q, and let Q = s(P). One 
end point of Q is either p or s(p), the other either q¢ or s(q).. On P define W as an 
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(n — 3)-to-1 mapping of Type 3 carrying P into itself, with W(p) = p, W(q) = ¢. 
On Q define W as a 3-to-1 mapping of Type 3 (only in this case a mapping of Q 
into P) such that if p or q belongs to Q then they are each self-corresponding, and 
if s(p) or s(q) belongs to Q, then W(s(p)) = p, W(s(q)) = g. Define W in this 
way for every pair of 1-cells which correspond under s. Finally, if p and s(p) 
are free points relative to s (see end of Case 2 of Theorem 6), make the added 
condition that W identifies these two points. Then all the inverse images under 
IV consist of n points, except for those containing points of L. For p in L, the 
points p and s(p) map into the same point under W. 

We define now a new mapping W, of A by amending the definition of W as 
follows. Consider a pair of distinct points p, s(p) of L. By the definition of L 
there exists an open I-cell P, of which W gives an (n — 3)-to-1 mapping of 
Type 3, such that one of the pair p, s(p) (say, for definiteness, p) is one end point 
of P and such that the other end point of P is not the unpaired point z of A (in 
case z exists). On P define W, as an (n — 3)-to-1 mapping of Type 2 carrying 
P into itself, where the inverse image containing p consists of (n — 2)/2 points. 
Repeat this process for every pair of distinct points p, s(p) of L (if in the course 
of this procedure we come to a 1-cell P for which a mapping of Type 2 has already 
been introduced, then we let W, be a mapping of Type 1 of this 1-cell into itself). 
Suppose finally that there exists a point z which is unpaired in the mapping 7. 
Let R be any open 1-cell having z as one end point and let S = s(R). On R let 
W, be an (n — 1)-to-1 mapping of Type 2 carrying R into itself, such that the 
inverse image containing z consists of n/2 points; on S let W, be a 1-to-1 mapping 
of S into R, with W,(z) = z. Everywhere else on A let W, be identical with W. 
Then we have defined a mapping W, such that each pair of points p, s(p) of L 
belongs to an inverse image consisting of n/2 points, while all other inverse 
images consist of n points each. 

Denote by L, , L. , --- , L; the inverse images containing the points of L. 
By the definition of L, there are an even number of these sets L; . Each consists 
of n/2 points. We define a new mapping W, of A which is identical with W, , 
except that it identifies the sets L; in pairs. Then W, is exactly n-to-1. 

Note that, under the mapping W, as described in this theorem, W,(A) is a 
linear graph. The existence of a mapping of class T on A is not a necessary 
condition for the existence of an n-to-1 mapping of A for all n # 2. In fact, 
for every n, an n-to-1 mapping can be defined on the graph A, given in Example 
2 of §2. 

For any value of n other than 2, no example has yet been given of a graph 
which does not admit an n-to-1 mapping. Also the fundamental difference, if 
any, between even-to-1 and odd-to-1 mappings has not yet been investigated. 
(By an even-to-1 mapping is meant an n-to-1 mapping where n is an even integer. ) 
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MONOTONE TRANSFORMATIONS 
By A. D. WALLACE 


In this paper we initiate the study of transformations which are monotone 
relative to a collection of sets. These mappings include, by proper specialization 
of the family of sets, both monotone and non-alternating transformations. Since 
we are concerned with non-metric spaces it is necessary to extend to such spaces 
those results of the classical theory of continua needed in our treatment. Where 
available proofs were adequate we have made reference to them. The first 
section contains general results on continua and, in particular, a proof, for non- 
separable spaces, of the theorem that every continuum contains at least two non- 
cutpoints. In the second section we give a cyclic element theory and show that 
if p is neither an endpoint nor a cutpoint then there is a point conjugate to p. 
Certain essential departures from the situation in separable spaces are noted. In 
the last section an extension of the result (due to Schweigert). that A-sets are 
invariant under non-alternating transformations is given. 


1. By a topological space we mean a set S together with a class of closed sets 
satisfying the conditions C'S of Lefschetz [7; I]. In general we adhere to the 
terminology of Lefschetz and Alexandroff-Hopf [1]. However, we use “compact” 
in the sense of ‘‘bi-compact”’ and in a normal space it is not necessarily assumed 
that a single point is a closed set. 

A family of sets will be termed an M-collection if each set is closed and if, with 
ach pair of sets, the collection contains their intersection. It is clear that an 
aggregate of closed sets is an /-collection if and only if, with each finite family of 
sets, it contains their intersection. A property B of closed sets will be termed 
inductive provided that, if each element of an M-collection has property B, then 
the intersection of all the sets has property B. Equivalently we also speak of a 
collection G as being inductive if each M-collection in G has its intersection in G. 
Manifestly a theorem about inductive collections implies a theorem about 
inductive properties and conversely, so that the two concepts may be used 
correlatively. 

By a partially ordered system we mean a class P and a binary relation R 
between elements of P such that (i) pRp for each p in P, (ii) pRq and gRp imply 
p = q, (iii) pRq and qgRr imply pRr. A subset P, of P will be called an ordered 
system if for each pair of elements p and q in P, we have either pRq or gRp. It 
is known [4; 140] that any ordered subsystem P, of P is contained in a maximal 
ordered subsystem of P. This result is of fundamental importance in non- 
separable spaces. 


(1.1) Any non-null inductive collection G of S contains a minimal element. 
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Proof. Let P be the system of all -collections of G, partially ordered by 
inclusion. It is readily seen that P contains a non-void ordered system and 
hence P contains a maximal ordered sub-system P,. Let G be the union of all 
the collections in P, . Then it is manifest that G, is a maximal M-collection of G. 
The intersection of all the sets in G, is the desired minimal set. 

This result may also be stated as 


(1.2) Jf S has an inductive property B, then S contains a minimal closed set having 
property B. 


It is clear that (1.2) is an extension of the well-known reduction theorem of 
Brouwer. For related results see [10], [15] and, in particular, [12; 84]. 
We see at once that 


(1.3) In order that a topological space be compact it is necessary and sufficient that 
the property of being non-null be inductive. 


Let G be a non-empty collection of closed sets of S. We denote by (G) the 
family of all closed sets Y in S such that XY is an element of G for each X in G. 


(1.4) For any non-void collection G of closed sets we have: 


(1.4.1) M(G) is an M-collection; 

(1.4.2) S is an element of M(G); 

(1.4.3) Sis in G of and only if M(G) C G; 

(1.4.4) M(M(G)) = M(Q); 

(1.4.5) if G is an inductive collection, then so is M(G). 


Proof. Let G = [X]. If Y and Z are in M(G) we have XY in G for X in G. 
Hence Z(XY) is in G and so ZY e M(G). It is clear that (1.4.2) holds. Also 
(1.4.3) is easily proved and implies that M@(.M(G)) C M(G). Now it is clear 
that for any M-collection G’ we must have G’ C M(G’). Since M(G) is an M- 
collection we thus have M(G) C M(M(G)), and this completes the proof of 
(1.4.4). To prove that (1.4.5) holds, let H = [Y] be an /-collection of elements 
of M(G) and let Z be the intersection of the elements of H. We have to show 
that ZX «eG. Now ZX is the intersection of the elements of the family [YX]. 
Since G is an inductive collection and XY ¢ G we must prove that [XY] is an - 
collection. But (XY,) (XY.) = XY,Y. = XY, where ¥Y = Y,Y.. Now Y isan 
element of H and so we have that [XY] is an /-collection. 


(1.5) The intersection of any family of elements of an inductive M-collection is again 
an element of the collection. 


Let Z be the intersection of the collection H = [¥] of elements of the inductive 
M-collection G = |X]. If G@ is empty the result is obvious. In view of (1.1) 
there is a minimal element, say Z, , which contains Z. Now Z C Z,Y for each 
Y and since G is an M-collection we have Z,Y «€ G. Thus since Z, is a minimal 














MONOTONE TRANSFORMATIONS 489 


set we have Z, C Z,Y and so Z, is contained in Y for each Y. Hence Z, C Z. 
Thus Z = Z, and since Z, e G this completes the proof. 


(1.6) If G is an inductive collection, then the intersection of any family of elements 
of M(G) is an element of M(G). 


This follows from (1.5) and (1.4.5). 

If G is an inductive collection and A is any subset of S which is contained in an 
clement of G, then we denote by k(A) a (not necessarily unique) minimal element 
of G which contains the set A. Such an element will exist in view of (1.1). 
Since *& is not single-valued it is to be understood that, when it occurs in the 
statement of a theorem, k(A) refers to all possible minimal sets which contain A. 
From (1.4.2) and (1.6) there will exist a unique set h(A) of M(G) containing a 
given subset A of S. 


(1.7) If G ts an inductive collection then 


(3.7.4) AC k(A) C h(A); 

(1.7.2) the closed set Z is in M(G) af and only if E C Z implies k(E) C Z; 
(1.7.3) . h(h(A)) = h(A); 

(1.7.4) h(A) + h(B) C h(A + B); 

(1.7.5) h(A) C h(B) if A CB; 

(1.7.6) h(h(A) + h(B)) = h(A + B). 


Proof. It is clear that A C k(A) and A C h(A). The second inclusion follows 
from (1.7.2) which we now prove. If Z «.M@(G) and Z contains EF, then (assuming 
of course the existence of k(2)) we see that Z-k(2) « G because k(E£) ¢ G. Since 
Z-k(E£) C k(E) and the latter is minimal we have Z-k(E) = k(E£) and so k(E£) 
C Z. Let us suppose that FE C Z implies k(E) C Z. Let K eG. We have to 
show that KZ eG. Since KZ C K there must exist a set k( KZ) which is neces- 
sarily contained in K. But for any such set k(KZ) C Z. Hence k(KZ) is a 
subset of KZ. Hence we have k(KZ) = KZ and so we infer that KZ is an element 
of G. The remaining assertions are readily proved. 

The reader will notice the analogy between the operator h and the closure 
operator. This observation has also been made by J. W. T. Youngs for certain 
choices of G. The following examples may be of interest. Let S be the plane 
and G the collection of all closed line intervals including the unbounded ones, 
points and the null-interval. Here M(G) is the class of all closed and convex 
sets. Again, let S be a Peano space and G the collection of all simple ares, 
points and the null-set. Then M(GQ) is the class of all A-sets (= closed arc-sets). 

We use the symbol X|Y to indicate that the sets X and Y are mutually sep- 
arated, that is, XY + XY = 0. Let F = [J] bea collection of closed subsets of 
S. We say that X and Y are F-separated if one of them is null or if there exists 


a J such that S= P+ Q,PQ=J/,X CP,Y CQ, J(X + Y) = 0, where P 
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and Q are closed. A set is F-connected if it is not the union of two non-null F- 
separated sets, see [20; §§4, 5]. If S is a normal space and F is the collection of 
all closed sets then a closed set is F-connected if and only if it is connected in 
the usual sense. 


(1.8) If each element of F is compact, then the property of being closed and F- 
connected is inductive. 


Proof. Let [X] be an M-collection of closed and F-connected sets. Suppose 
that the intersection Y of this collection is not F-connected. Then there is a 
set J such that S = P+ Q,J = PQ, JY = 0, YP # 0 # YQ, with P and Q 
closed. We assert that for some X we have XJ = 0. If not, then [X./] is an 
M-collection of non-null closed sets in the compact space J. By (1.3) we con- 
clude that YJ is not void. Hence, for some X, XJ = 0, XP # 0 ¥ XQ, a 
contradiction. 

As indicated above, letting / be the collection of all closed sets in S, we have 


(1.8.1) In a compact normal space the property of being a continuum is inductive. 


It is clear that if [B] is a collection of inductive properties and B, is the property 
of having all of the properties B, then B, is itself inductive. 


(1.9) If A and B are disjoint closed subsets of the compact normal space S and no 
continuum meets both A and B, then S is the union of disjoint closed sets containing 
A and B respectively. 


Proof. Let a and b be points of A and B respectively. Let Ay , By be the 
closures of a, b respectively. It will be recalled that our definition of normality 
does not require that a point be closed. Then A, and B, are disjoint continua. 
Let F be the family consisting precisely of the null-set. The property P of 
being F-connected and meeting both A, and B, is inductive by (1.8) and (1.3). 
Suppose that S has property P. Then by (1.2) there is a minimal closed set 
with property P. By an argument similar to that given by Moore [1i2; 18, 
Theorem 31] this set must be a continuum. This is contrary to our hypothesis. 
Hence S = M+ N,MN =0,A,.M # 0 # BN, M and N closed. Now, Ao and 
B, being continua, we must have A, C M, B, C N. Since the sets M and N are 
also open, it follows readily from the compactness of S that the desired de- 
composition exists, the argument here being that of [12; 21, Theorem 35]. 

For compact metric spaces this and the following results are classical and we 
refer the reader to the books of Menger, Moore and Whyburn for historical 
and bibliographical data. For the sake of scientific accuracy we feel obliged to 
state these results, since sharp and unexpected differences arise in treating 


separable and non-separable spaces. Thus, in a compact metric locally con- 
nected space in which each point is either a cutpoint or an endpoint it is well 
known that every subcontinuum is unicoherent. Nevertheless a locally con- 
nected compact Hausdorff space may satisfy this condition and still contain a 
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continuum that is not unicoherent. And indeed, for a pre-assigned positive 
integer n, it is possible to construct such a space with a positive n-th Betti num- 
ber. Moreover, it would be reasonable to expect that our results (1.11) and 
(2.10) would fail to hold in the absence of separability since the known proofs 
depend strongly on the second axiom of countability. 


(1.10) Lf S is a compact normal continuum and X is any subset of S then there exists 
a minimal continuum containing X. If the subsets X and Y of S are disjoint and 
closed then there exists a minimal continuum meeting both X and Y. If this con- 
tinuum be denoted by K, then K — X, K — Y and K — (X + Y) are connected 
and K(X + Y)C K — (X + Y). 





A proof of this may be constructed using previous results and proofs analogous 
to those we have given. For the latter part see [12; 22]. From this result it 
follows that for any closed set Z of S and any component C of S — Z we have 
CZ # 0. Further, if X and Y are as in (1.10) then there is a component C of 
S — (X + Y) whose closure meets both XY and Y. For metric spaces E. W. 
Miller [11] has shown that there is a semi-continuum C with this property. So 
far we have not been able to get Miller’s result in our present set-up. Sdra-Bira 
has recently proved (under slightly less general conditions) certain results which 
are closely related to the latter part of (1.10) and which follow at once from this 
theorem. 

Other examples of inductive properties may be given. Thus, let n be a positive 
integer and let B be the property that each n-cyele in X (a closed set) is ho- 
mologous to 0 in X. Using a convergence theorem for cycles [7; VII, (15.1)] we 
infer that property B is inductive for compact normal spaces. This gives an 
extension to a result of Vietoris who proved analogous theorems for compact 
metric spaces. 


(1.11) Jf S ts a compact connected T, space with at least two points, then S contains 
at least two non-cutpoints. 


We have to show that if p is any point of S, then there is a non-cutpoint gq, 
distinct from p. We consider the class [A] of all proper subcontinua of S which 
contain p. This collection is partially ordered by defining A, RK, if K, = K, or 
K, C KY, where X° is the interior of the set XY. Since pis a continuum we know 
that there exists a maximal ordered subsystem P, of [A]. Let S, be the union of 
all the continua in Py. Suppose that S, = S. We cannot have a largest element 
in P, since, for such a K, we would have K = S. It follows that each point s in 
S is contained in some set A” with K ¢ P,. Since S is compact we can cover it 
by a finite family of elements of the collection P, . Now P, is ordered and 
among this finite collection there is a largest set and we infer that for this K we 
have S = K, a contradiction. We conclude that there is a point qin S — S). 
Suppose that S— q = U+ V,U\|V, pel. Since S, is connected it must be a 
subset of U. Now U + qis a continuum and S, C (U + q)". Thus each K C 
(U’ + q)”, contrary to the fact that ?, is maximal. This completes the proof. 








492 A. D. WALLACE 


Essentially the same proof may be used to extend a theorem, due to Eilenberg, 
of a similar nature. We have recently learned that R. L. Wilder has also found 
a proof of (1.11). 


2. In this section we always assume that S is a compact connected Hausdorff 
space. If p and q are points of S then we write p ~ q if there exists no point x 
such that S— «x = U+ V with pe U,qeVandU | V. In other words p ~ q 
means that no point separates p and gin S. We have at once the following rules: 
R,:p~ p;R.:p~qimplies gq ~ p; Rk; :if p~a~qandp~y~q then 
x~y;R,:ifp~z~q then no point other than z can separate p and q in S. 

By a chain we mean a subcontinuum X in S which satisfies the following chain 
condition: if p and q are distinct points of X andp ~x~q,thenze X. Ina 
locally connected metric space a chain is an A-set [6] or a closed arc-set [2]. But 
our definition follows more closely that of Rad6é-Reichelderfer [13]. We give an 
example later to show that chains and ./-sets [5] are distinct, as are chains and 
A-sets (as redefined by Whyburn [26]). Indeed, Kelley [5] has given an example 
to show that J-sets are not invariant under non-alternating transformations 
while chains are invariant. 

If G is the class of all continua, then by a semi-chain is meant an element of 
M(G). It is readily seen that chains and semi-chains are distinct classes. From 
“arlier results we see that a semi-chain is a continuum and that the intersection 
of semi-chains is a semi-chain. 


(2.1) Each chain is a semi-chain. 


Proof. Let X be a chain and Y a continuum such that XY = A + B where 
A | B. Let a and b be points of A and B respectively and let J be a minimal 
subcontinuum of Y containing a + b. It is clear that J is not contained in X. 
IfS—z=U+V,U|V,aeU,ceV(J — X), then J —- z= JU+ JV, 
JU|JV,aeJUandce JV. But then [12; 66, Theorem 91] we must have be JV. 
Now X + JV is connected since XJV contains b and, as is readily verified, JV is 
a connected set. Also X + JV contains a +c. Hence z cannot separate a and c 
in S, so thata ~ c. Similarly b ~ c. Hence by the chain condition we have 
cin X. This is a contradiction. 


(2.2) The intersection of any collection of chains is a chain. 
y 


This follows at once from the definition, (2.1) and (1.4.3). 

We write C(A) for the intersection of all chains which contain the set A. If 
we denote by G the set of all chains then we have (as is readily verified) M(G) = 
G. The properties of the operator C may be at once deduced from (1.7). Here, 
of course, we have h = k = C. For each point s in S we write E(s) for the set 
of all points x such that x ~ s. These sets are analogous to cyclic elements but 
are more closely related to a class of sets considered by Ayres [3] with which they 
are identical if S is locally connected and metric. See also [12] and [5]. 
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(2.3) Each set E(s) is a chain. 


Proof. That E(s) is a continuum follows at once by a known argument 
[12; 67, Theorem 93]. Let 2 and y be points of E(s) and letr ~z~y. We have 
x ~s~yand hence from R, we infer at once that s ~ z. But then z e E(s). 


(2.4) If a and b are distinct points and Sp is the set of all points x such thata ~ x ~ 
b, then, of a ~ b, the set So is a chain and no point separates any pair of points of 
So in S. 


It is clear that S, = E(a)E(b) and so by (2.3) and (2.2) the set S, is a chain. 
The second part may be proved as was the second part of (2.3). 


(2.5) For any point x in S such that S —-x = U+ V,U | V, the sete U + visa 
chain. 


Clearly the set U + xisacontinuum. LetaeU andbe U +2. Further, sup- 
pose that a ~ y ~ b and that y is not in U + x. Since no point other than y can 
separate a and b in S and a + 6b is contained in a continuum not containing y, it 
is clear thata ~ b. Let Y be the set E(a)E(b). Now y is in V and, by (2.4), Y 
is a continuum meeting both U and V. Hence x is in Y. Thus 2x separates a 
and y in S, contrary to (2.4). 

By a prime chain is meant a non-degenerate chain which contains no non- 
degenerate subset which is a chain. 


(2.6.1) Leta ~ b,a # b. Then the set E(a)E(b) is a prime chain. 


(2.6.2) If X is a prime chain and a and b are distinct points of X, then a ~ b and 
X = E(a)E(b). 


Proof. From (2.4) we see that X isa chain. Let Y be a non-degenerate chain 
contained in Y. If a, and by are in Y and z is in X, then by (2.4) we have a ~ 
x~b,. Since Y isa chain, x « Y andsoX C Y. For (2.6.2) let X be a prime 
chain. Suppose that a and b are points of X and that z separates a and b in S, 
say S—z=U+V,U|V,aeXU,be XV. Now by (2.5) the set U + zisa 
chain and hence so is X(U + z). This latter is non-degenerate and is a proper 
subset of XY. This contradicts the fact that X is a prime chain. We conclude 
that a ~ b. Now E(a)E(b) is a chain and so X is contained in this set, since 
otherwise XE(a)E(b) would be a non-degenerate proper subset of X. But 
xe E(a)E(b) means a ~ x ~ b and hence xe X. Thus X = E(a)E(b). 

In a semi-locally connected metric space [26] the sets X of (2.6) are the E, 
sets. In general, in a metric space they are the simple-links of Moore or equiva- 
lently the F-sets of Kelley. Now it is clear that if a prime chain meets a chain 
in two points then it is a subset of that chain. But this does not imply (even in 
a metric space) that each chain is a connected set of prime chains (i.e., a J-set 
of Kelley). Indeed, let Y be the unit interval, C the Cantor set on Y, and let 
S be Y together with the collection of unit intervals each perpendicular to Y at 
a point of C. Let p be a point of C which is a limit point both from the left and 
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from the right. If X is the interval at p, then X is a prime chain which meets 
Y in p, and p is neither an endpoint nor a cutpoint. Hence the chain Y contains 
part but not all of X¥. Now Whyburn [23; VIII, (6.3)] has shown that generalized 
A-sets are invariant under non-alternating transformations. The set Y is not 
such an A-set but is invariant under this type of transformation. 


(2.7) If X and Y are chains (semi-chains) and XY is not null then X + Y isa 
chain (semi-chain). 


Proof. First we have the result for semi-chains. Let K be a continuum. 
Since we wish to show that A(X + Y) is a continuum we may suppose that K 
meets both X and Y. Hence K + X is a continuum and thus (K + X)Y = 
KY + XY isalso. Since these sets are non-null, KX Y is also. Now K(X + Y) 
=KX + KY and the summands are continua with at least one point in com- 
mon. Hence K(X + Y) isacontinuum. Suppose now that X and Y are chains. 
Let p be a point such that a ~ p ~ b, where pe S — (X + Y),ae X andbe Y. 
Clearly we have a ~ b. Let Z = E(a)E(b). Then Z is a prime chain by (2.6). 
Since ZX is a chain we must have ZX = a. Similarly ZY = b. Now X + Y is 
a semi-chain and we infer that Z(X + Y) = a+ bisacontinuum. This contra- 
diction completes the proof. 

This result has an interesting dual: 


(2.8.1) If X + Y and XY are semi-chains then so are X and Y, if they are closed. 


(2.8.2) If X, Y and Z are semi-chains and XY, YZ and ZX are all non-null, then 
XYZ is non-null. 


Proof. Suppose that YYZ = 0. Then since XY # 0, X + Y is a semi-chain 
and so (X + Y)Z = XZ + YZisacontinuum. But XZ and YZ are disjoint 
non-null sets, a contradiction. 

This last result and the preceding have not, so far as we are aware, been stated 
in the literature even in the classical case. 


(2.9) Let X be a semi-chain. 

(2.9.1) IfS—-X =U+V,U| V, then U + X is a semi-chain. 

(2.9.2) If Q is a quasi-component of S — X, then Q + X is a semi-chain. 

(2.9.3) If Z is a component of S — X, then Z + X is a semi-chain and Z — Zis a 


subcontinuum of X. 


Proof. Let K be a continuum. Then K — AX = KU + KV, KU | KV. 
Since K and KX are continua, UK + XK = K(U + X) is also. For (2.9.2) 
we have that Q is the intersection of all possible sets Q’, where S — X = Q’ + R’, 
Q’ | R’, Q contained in Q’. For each Q’ the set Q’ + X isa chain. Hence the 
intersection of all these sets is a chain. But this intersection is Q + X. To 
prove (2.9.3) let J be a continuum minimal relative to the property of containing 
the points a and b. Suppose first that ae X andbeZ. Then /X is a continuum 
containing a and so J — X is connected and since it meets Z it must be con- 
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tained in Z; see [12; 79, Theorem 115]. Hence we infer that J = (J — X) + JX 
is a subset of Z + X. Now it is easy to see that a semi-chain may be defined as 
a closed set which contains with each pair of points each continuum minimal 
relative to the property of containing these points; see (1.7.2). The proof is 
complete for this case. Suppose that a and b are both in Z. If J — X is con- 
nected it is contained in Z and we argue as before. If it is not connected, then, 
since JX is connected, we see that J — X is the union of two mutually separated 
connected sets each of which meets Z, and so it follows that J is contained in 
Z+ X. 

For additional references concerning the prototypes of chains and semi-chains 
see the papers of Ayres and Whyburn in the bibliography of [6]. For (2.10) see 
[5] and [6]. Both of the proofs depend on separability and so are inapplicable in 
our set-up. 


(2.10) If pis any point of S, then p is an endpoint, a cutpoint, or is contained in a 
unique prime chain. 


Proof. Suppose that p is neither an endpoint nor a cutpoint. We wish to 
exhibit a point which ~ p. We may clearly assume the existence of a point q¢ 
such that S = H+ K, HK = 2z,H #2z # K, where pe H,q« K, so that H and 
K are continua. Let [K’] be a maximal ordered (by inclusion) collection of sets 
such that we have S = H’ + K’, H’K’' = 2, H' # 2 # K’, with p in H’ and 
H’, K’ continua. Let H, be the intersection of all the sets H’ and K, the union 
of all the sets A’. It is clear that the collection [H’] is ordered and so by (1.8.1) 
H, isa continuum. Further, we see that Ky is connected. 

Observe first that there must be a point in H, distinct from p. For otherwise 
let p = H, and let U be an open set which contains p. If for each H’ we have 
(S — U)H’ non-void, then by (1.3) it follows that (S — U)H, is also non-void. 
This is impossible and so we infer that some H’ C U. Now H’ — 2’ is an open 
set with boundary 2’. This being true for each neighborhood U, it follows that 
p is an endpoint. 

Suppose that 2 and y are points of H,Ky . Since |K’]is an ordered system we 
must have x and y in some set AK’. But x + y is contained in the corresponding 


H’ and thus x = y. Let x = H,Ky. Since p is in no set K’ we cannot have 
« = p. Let us suppose that x ~ p. In this case there is a point z such that 
S—-z=U4+V,U\V,xeU andpeV. Sincexz, pe H, and H, is connected, we 
have zeH,. And since H, and K, meet in x it follows that A, is contained in U. 


Thus each set K’ is a proper subset of the continuum U + z and we infer that 
the system [K’] is not maximal, a contradiction. Hence x ~ p or H)Ky = 0. 
We make the latter assumption. From the connectedness of S and the fact that 
H, is closed there must be a point in the set A,H,. Let p be a point of this set 
and suppose first that it contains another point, say w. The set Ky + p + wis 
connected, as is H, . Thus if p ~ w the point which separates them must 
lie in both of these sets. But this is impossible since H,A, = 0. We conclude 
that p = K,H, . But from this it is seen that (as in the argument above), 
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because p * H, , p must be a cutpoint. It follows that pis not in K,H,. Let 
f be a point of this set and suppose that f ~ p. Then there is a point z such 
that S —z=U+V,U(\V,feU,peV. Sincef ¢ K, it is clear that U meets 
K,. Furtherf + p C U and soz is contained in S — Ky. Since Ky is connected 
it is certainly in U’. Asin the argument above we infer that [K’] is not maximal. 
Accordingly we have f ~ p. 

Now let X be the prime chain E(f)E(p). Suppose that p is contained in 
another prime chain X,. Let g be a point of X, distinct from p and f. By (2.6.2) 
wehaveg~ p. Henceg~ p~f. Since pis a non-cutpoint it follows by R, that 
p~g~f. Hence g « X andso X, C X. Thus X, = X. This completes the 
proof of (2.10). 

It is worthwhile to point out the relation between the situation as we consider 
it and that in metric spaces. In the latter instance a simple-link may be defined 
as a set M, consisting of a non-cutpoint p together with all points x with « ~ p. 
Now it is not hard to see that 


(2.11) Each set M, is a prime chain. 


For M, = E(p) and soisachain. Also p is contained in a unique prime chain 
P and, if q e P, then gq ~ pand so by (2.6.1) E(p)E(q) = P. Since P is a prime 
chain meeting the chain WM, in two points we have P C Mp. But if re M, 
p ~ r # q, then r ~ pand since E(r)E(p) is a prime chain we have r in P by 
(2.10). Hence P = M,. 

The converse of (2.11) is false, and indeed there exists a locally connected 
space S in which every point is either an endpoint or a cutpoint and which cer- 
tainly contains no non-degenerate set 17, but which does contain a prime chain. 
In metric spaces the converse of (2.11) is true. From (2.2) and (2.10) it follows 
without difficulty that 


(2.12) If the intersection of distinct prime chains is not null, then it ts a cutpoint. 


3. For the present M and N will denote 7,-spaces and A will be a single-valued 
transformation of M onto N, AM = N. The correspondence A will not neces- 
sarily be continuous. For the next result for metric spaces see [16]. 


(3.1) If M and N are compact Hausdorff spaces, A is continuous if and only if 


(T) the sets Y, and Y, of N are separated if and only if A'Y, and A'Y, are 
separated. 


Proof. Let 4 be continuous. Then for each set Y of N we know that A“Y 
is contained in A~'Y and from this it is readily seen that Y, | Y, implies A’'Y, 
A'Y,. Also (the spaces concerned being compact) it is known that AX = AX, 
and from this we draw the reverse implication. Suppose now that condition (T) 





holds. We need only show that AX C AX. Let y be a point of the former set. 
Then, since A~'y meets XY, we infer that X and A“'y are non-separated. It 
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follows that the latter set is not separated from A™'AX. From this it may be 
concluded that y and AX are non-separated. Because N is a Hausdorff space, 
y is a closed set and so y « AX. 


(3.2) Let G = [X] be an M-collection of closed subsets of M with intersection Xo . 
Then, if A”'y is compact for each y « N, we have Y, = AX, , where Y, is the inter- 
section of the sets [AX]. 


Proof. It is readily seen that AX, is contained in Y, , so that we have to prove 
the reverse inclusion. Let ye Y). Since G is an M-collection so also is the collec- 
tion [XA~‘y] and each set is non-vacuous and closed (in A~'y). This latter set 
being compact it is manifest that there is a point common to all the sets [XA™y]. 
Denoting this point by x we then have y = Az contained in AX, . 


In connection with the next result, see [7; II, (5.5)], [12], and for metric spaces 
{21}. 


(3.3) Let N be a compact space and let A be closed. Then, if for each y € N the set 
Ay is compact, the space M is also compact. 


Proof. In view of (1.3) we have to show that if G = [X] is an M-collection 
with intersection X, then X, is not void. Let H be the collection whose elements 
are finite intersections of sets [AX]. Then H is an M-collection with the same 
intersection as [AX], say Y, . Since N is compact Y, is not void. By (3.2) 
AX, = Y, and we infer that Xy is not void. 

From this point on we assume that A satisfies the condition (T) of (3.1). In 
general we do not assume that J/ and N are compact. 


Derinition. If G = [Z] is a collection of closed sets covering NV, then A is 
said to be monotone relative to the collection G (or G-monotone) provided that 
if ZeGand M — A'Z = M, + M,, M, | M,, then no set A™'y meets both M, 
and M,. 


We say (with Whyburn [24]) that A is non-alternating if it is monotone relative 
to the set of all points of N. Various modifications of non-alternating trans- 
formations have been suggested by Hall and Schweigert, Odle, Vance and 
Wardwell. Further, A is said to be monotone if A™‘y is connected for each 
yeN. 

Let M be the circle | z | = 1 in the complex plane and let Az = x, z = x + ty, 
so that A is merely the projection of M onto the segment of the real axis from — | 
to + 1, which is the space N. Then A is monotone relative to any collection of 
continua which cover N, but A is not monotone relative to any collection which 
contains a disconnected set. 

Let M be as before and let Az = 2°. Here A is not monotone relative to any 
collection which contains a proper closed subset of N. As we show later a 
monotone transformation is monotone relative to any collection. 
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(3.4) In order that AM = N be G-monotone it is necessary and sufficient that for 
each Z « G and each decomposition 


(3.4.0) M-aA'Z=M,+™., M,| M, 

we have 

(3.4.1) M,; = AM; (¢ = 1,2); 
(3.4.2) AM, | AM, ; 

(3.4.3) AM,-AM, = 0; 

(3.4.4) A'AM,- A" AM, = 0. 


Proof. Let A be G-monotone. If x « M, we must have that A7'Ax C MM, and 
this clearly implies MW, = A-'AM,. Now (3.4.2) follows from (3.4.1) and congli- 
tion (T); (3.4.3) is an obvious consequence of (3.4.2). Clearly (3.4.3) implies 
(3.4.4). Suppose that (3.4.4) holds. - Then if the inverse of a point meets both 
M, and M, it must lie in the set A7'AM,-A-'AM, . We infer that A is G-mono- 
tone. 

We proceed now to justify the term “relatively monotone’’. 


(3.5) If M and N are compact Hausdorff spaces then in order that A be monotone 
it is necessary and sufficient that it be monotone relative to the collection of all closed 
sets in N. 


Proof. It is readily seen that if A is monotone it is monotone relative to the 
collection of all closed sets in VN. Suppose now that there is a point n of NV such 
that A'n = N, + N.,N,|N.. Clearly N, and N, are closed and so since M is 
normal there exists a closed set F such that MW — F = M,+ M.,M, | M., 
N, C M, and N, C M,. Since M is compact we know that A is closed so that 
A”'AF is closed. Hence we have M — A“AF = (M, — A'AF) + (M, —A' AF) 
= Mi + Mi, M{| Mf. Clearly Av'n meets both M{ and Mé. 


(3.5.1) Let M and N be compact locally connected Hausdorff spaces and let G be thi 
collection of all closed subsets of N each of which has only a finite number of com- 
ponents. Then A is monotone if and only if it is G-monotone. 


The proof does not differ essentially from that for (3.5). We have merely to 
replace F by F, , a set with only a finite number of components. This is easily 
done since F is compact and M is locally connected. 

To avoid circumlocution it is necessary to establish certain conventions. It 
S, is a subset of S, the XY will be said to cut S, in S, if S,; — X = U+ V,UV 
and S,U #0 # S,V. If, in addition, S,X = 0 we say that X separates S, in S, . 
We omit “in S,” if S, is the space under consideration. 


(3.6.1) If A is G-monotone, then Z cuts N if and only if S7'Z cuts M. 


This follows at once from (3.4). 
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(3.6.2) If M is connected, 4 is G-monotone and some component of A°'Z cuts M 
then Z cuts N. In particular, if each set AZ is totally disconnected, then the image 
of a cutpoint ts a cutpoint. 


Proof. Let Y be the component of A~'Z which cuts M so that M — Y = M{ + 
Ms, Mi | Mi. Since M and Y are connected, so is the set MW! + Y,7 = 1, 2. 
Neither set can be contained in A~'Z since Y is a component of this set. Hence, 
if we put WM, = M! — A“Z we obtain a decomposition (3.4.0) and since N — Z = 
AM, + AM, it follows by (3.4.2) that Z cuts N. If p is a cutpoint, then p is 
contained in some set A-'Z and is a component of this set if it is totally diseon- 
nected. 

We may show as in (3.6.2) that 


(3.6.3) If M is connected, A is G-monotone, each set A™'Z is totally disconnected and 
the set \-'Z, contains a closed set which irreducibly cuts M, then Z, cuts N. 


We now extend certain results due to G. T. Whyburn [23; VIII]. 


(3.7) The following statements are equivalent: 

(3.7.0) The transformation A is G-monotone. 

(3.7.1) If the set AZ separates p and q in M, then Z separates Ap and Aq in N. 
(3.7.2) Lf Q is a quasi-component of N — Z, then A~'Q is a quasi-component of 
M — A°Z. 


Proof. (3.7.0) implies (3.7.1). By assumption, we have a decomposition 
(3.4.0) with pe M, andqgeM,. Hence N — Z = AM, + AM, with Ape AM, and 
Aq « AM, . The result follows by (3.4.2). (3.7.1) implies (3.7.2). Let Q be a 
quasi-component of N — Z and suppose that there exists a decomposition (3.4.0) 
such that A~'Q meets M, and M, in the points p, and p, respectively. Then 
since A-'Z separates p, and p, we know that Z separates Ap, and Ap, contrary 
to the fact that Ap, and Ap, lie in the same quasi-component of N — Z. We 
may thus suppose that A~'Q is contained in a quasi-component Q’ of M — A”‘Z. 
From the condition (T) we infer that AQ’ is contained in a quasi-component of 
N — Zand so AQ’ is contained in Q. It follows that Q’ = A™'Q. (3.7.2) implies 
(3.7.0). Let ne N, Z « G and suppose that Q is the quasi-component of N — Z 
which contains n. Then Aq'n is contained in A~'Q and since this latter set is a 
quasi-component of M — A-'Z it follows that A~'Z does not separate A™'n in M. 

It is clear that when A is G-monotone and Q is a quasi-component of M — A'Z 
then°Q = A'AQ. From now on we assume that M and N are compact connected 
Hausdorf? spaces. The condition (T) will then be satisfied if we assume, as we 
shall, that A is continuous. One can easily give an example to show that, 
although no component of Z cuts N, nevertheless A7'Z may cut M (ef. the result 
(3.6.2)). However, we do have 


(3.8) Let M and N be locally connected and suppose that each set Z ¢ G has only a 

finite number of components no one of which cuts N. Then if 4 is G-monotone no 
le * . . 

set AZ cuts M into more than a finite number of components. 
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Proof. Let A, + --- + A, be a componentwise decomposition of Z. Since 
N is normal we can find pairwise disjoint open sets U; such that A; C U;. Let 
|R] be the collection of all components of N — Z. The sets [R] together with 
the sets [U,] form an open covering of N. Because N is compact it is covered 
by a finite collection of these sets. By suitably adjusting the notation we may 
suppose that N = R, + --- +R, + Ui, + --- + U,. Suppose that the sets 
R; do not cover VN — Z and let R, be a component of this set containing a point 
in no set R;. Since N is connected, clearly the closure of R, meets Z and hence 
some component of Z, say A;. Now N — A; = Ry + (N — A; — R,) is con- 
nected and so, since R, is open, R, meets N — A; — R,. But since R, — R, is 
contained in Z we see at once that R, meets some A, , k ¥ 7. Hence R, meets 
both of the sets U; and U,. Since R, is connected it cannot be in >> U; and so 
R, meets some set PR; , a contradiction. The sets R; are thus the components of 
N — Z and now the proof may be completed using (3.7). 

We now give further conditions under which A will be monotone. These 
conditions involve both 7 and N and the collection G. 


(3.9) Let A be monotone relative to the collection of all finite subsets of N. Then 
(3.9.1) if M is a regular curve A is monotone and N is a regular curve, 
(3.9.2) if N ts a regular curve A is monotone. 


Proof. First we shall prove (3.9.1). We need only show that A is monotone. 
Suppose that for some point n in N we have A”'n = P + Q, where P and Q are 
disjoint and closed. Since M is a regular curve we can find a finite set X such 
that MW — X = P’ + Q’, where P’ | Q’ andPCP’,QCQ. Now Y = AX is 
finite and since A~'n does not meet A~'Y we have M — A'Y = P” + Q”, where 
P”’ = P’ — A*Y,Q” = Q — AY and A‘'n meets both of these sets. To prove 
(3.9.2) we assume as before that A7' = P + Q, P | Q, so that, since M is normal, 
we can find a closed set X such that MW — X = P’ + Q’ with P C P’ and QC 
Q’. Since n is not contained in AX we can find an open set U which contains n 
and whose boundary is a finite set which does not meet AX. We thus have 
N — F(U) = R+S, where R| S,neRand AX CS. Hence M — A'F(U) = 
A“R + A'S with A’n C A'R and A“AX C AS. Since X does not meet 
A'R it follows that WM — A“F(U) = P’A'R + (Q’-A“R + A'S). Since these 
summands are separated and A~'n meets both of them we have a contradiction. 

The result (3.9.2) was also discovered by P. A. White. For other results of 
his in connection with G-monotone transformations see [22]. There are certain 
generalizations of (3.9) which concern rational curves, etc. We state (without 
proof) only one of these. 

(3.9.3) If A is monotone relative to the collection of all subcontinua of N where M 


and N are locally connected and M is unicoherent, then A is monotone and N is 


unicoherent. 


(3.10) If A is non-alternating and M = A + Bwith AB = xe M with A and B 
closed, then N = SA + AB with AA-AB = Ax. 
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Proof. Let y = Ax and suppose that y # ze AA-AB. Now M — Ay = 
(A — Ay) + (B — Ay). Clearly these sets are separated. Since z ¢ AA it 
follows that A~’z meets the first one and since z ¢« AB we see that A~'z meets the 
second one. But then A fails to be non-alternating. 

Modifying (in a very minor fashion) a definition due to G. T. Whyburn we 


say that a closed set E of S is a nodal set if F(E) = ES — E is a single point. 


If S is connected it is clear that E and S — E are connected. 





(3.11) Lf A isa nodal set in M and A is non-alternating, then AA is a nodal set in N. 


Proof. We have M = A + M — A and if we set M — A = B we have AB = 
x, a point. Hence N = AA + AB (since A is closed) and AAAB = Az, by 
(3.10). We want to show that B= N—AA. Now N — AAC ABand so we 
have N — AA C AB. Let y bea point of AB distinct from Az and let us suppose 
that y is not in N — AA. Then there is an open set U which contains y and such 
that UN — AA = O;hence U C AA. There exists an open set V with ye VC 4 
and such that VArz = 0. But since Ar = AAAB this implies that VAB = 
so that y is not in AB, a contradiction. Hence we infer that AB — Ar C N — AZ i. 
Hence AB C N— AA +AzC AB. Since B is a continuum and AB = AB w 
conclude that Ar « N — AA and this completes the proof. 

















(3.12) Let A be non-alternating and suppose thata ~ bin N. Then if K isa 
continuum which meets both A~'a and A~'b there exist points ag in KA~‘a and by 
in KA™'b such that Ay ™ bo. 


Proof. Let J be a continuum in K minimal relative to the property of meeting 
both A"'aand A~'b. The set J, — A~'(a + b) is connected and so is a) + Jy + by , 
where a) ¢ JA” ‘a and by « JA~'b. Suppose that M = A + Bwith AB = 2,a€A 
and by « B, dg ¥ x # by. Since x e J, we conclude that a + Ar # b. Hence by 
(3.11) we cannot have a ~ b. This completes the proof. 

We now give our extension of Schweigert’s theorem [14]. We have already 
mentioned Whyburn’s generalization of this result [23; VIII, (6.3)]. 


(3.13) Lf A is non-alternating and X is a chain in M, then AX is a chain in N. 


Proof. Let Y = AX. To show that Y is a chain we must prove that if P is 
a prime chain which meets Y in the points a and b then P C Y. Now X is a 
continuum which meets both A™'a and A~'b. Let a» and by be the points given 
by (3.12). Further, let J be a continuum minimal relative to the properties (i) 
ay + bo C I and (ii) P C AI. Suppose that MW = A+ B,AB=2,I(A — 2x) 
0 ~ 1(B — x). Then since a, ~ by we may assume that a, + bo) C A. Now 
N = AA + ABand AA-AB = Ax. Further, P C AA. Now by (2.5) JA isa 
continuum. Also? C AI = AIA + AIBC AIA + AI-ABC Al. From this we 
get, since AJ-AB-AIA C AA-AB = Az, AI = AIA + Az. But Al is a con- 
tinuum and so AJ = AJA. But JA is a proper subcontinuum of J and JA has 
properties (i) and (ii). From this contradiction we conclude that no point 
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separates any pair of points of Jin M. Hence if c ¢ J we have a) ~ ¢) ~ bo and 
sO ¢)¢X. Thus] C X and hence, since P C Al, we have P C Y. 
The following form of this theorem was stated in an abstract of this paper [20]. 


(3.14) If A is non-alternating and A is a subset of M, then C(AA) C AC(A). 


We wish to show (in a somewhat general fashion) the equivalence of theorems 
like (3.13) and (3.14). To this end suppose that there is defined for each set 
(whether in M or in N) a set function D such that A C D(A), D(D(A)) = D(A), 
and further such that A C B implies D(A) C D(B). We say that a set has 
property D if D(A) = A. By an invariance theorem we mean a theorem which 
asserts that (if A is a single-valued transformation from M onto NV) whenever X 
has property D so also has AX. By a covering theorem we mean a theorem which 
asserts that for any set X we have D(AX) C AD(X). What we wish to show is 
that covering and invariance theorems are equivalent. Suppose that the invariance 
condition holds. Since A C D(A) we get AA C AD(A) and AD(A) has property 
D (since D(D(A)) = D(A) any set D(A) has property D). Hence D(AA) C 
D(AD(A)) = AD(A). We want to show now that if the covering condition is 
valid so also is the invariance condition. Suppose that AX = Y where X has 
-property D. Now D(AX) = D(Y) and since D(X) = X we have AD(X) = 
AX = Y. Thus since D(AX) C AD(X) we get D(Y) C Y C D(Y) which proves 
invariance. This shows that (3.13) and (3.14) are equivalent. 

It is known [23; VIII] that, when A is non-alternating and M and N are metric, 
then, if B is a simple-link in N, there exists a unique simple-link A in M such 
that B C AA. This is no longer true when M is not metric. Indeed, there 
exists a locally connected space M which contains no non-degenerate simple- 
link and a monotone transformation of M onto a space N which is itself a simple- 
link. In this example N is a simple closed curve and is metric. The analogue 
of this theorem for prime chains is, however, true. 


(3.15) Let A be G-monotone, and let K be a closed subset of N which is not cut in N 
by any set KZ, Z ¢€G. If H isaclosed set minimal relative to the property of mapping 
onto K, AH = K, then no set HA™'Z cuts H in M. 

Proof. Suppose the theorem is not true and let 
(a) M—-W=M{+Mi, M{|Mi, HM{ #04 HM!, W =HA‘‘Z. 
Let Z, = AW = KZ. It is clear that we have 

(b) M-—A'Z,=M,+M., M;,;=M‘-—A'Z,, M, | M, 

Hence 


(c) N-2Z=N,+N:, N;=4M;, N,|No, 








d 
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from (3.4). Thus K — Z, = KN, + KN, and since K is not cut in N by any 


element of G we may suppose that A — Z, is contained in N,. From this 
(d) A“(K — Z,.) = A'K — A'Z,C A'N, =M,, 


again from (3.4). Now we also have 

(e) HA"(K — Z,.)+WCH(M,+W)C AM +W) =A, 
and this latter is a proper closed subset of H. But also, 

(f) K = AH = (K — Z,)AH + AW C AAM,. 

Hence we have H, mapping onto K, a contradiction. 


(3.16) Let A be non-alternating and K a subcontinuum in N which is not cut in N 
by any point. If H is a subcontinuum minimal relative to the property of mapping 
over K, K C AH, then no point of H cuts H in M. 


We follow the proof of (3.15). In the present situation W is a point and so 
also is each element of G. Thus Z, = Z. Now the proof is valid up to the state- 
ment following (e), provided certain quite obvious changes are made. For the 
phrase following (e) we must have ‘‘and this latter is a proper subcontinuum 
of H”’. But from (2.5) it foliows that M{ + W is a semi-chain and H being a 
continuum so is H(M{ + W). The remainder of the proof follows as in (3.15). 

In view of the results of §1 it will be seen that sets H of the two preceding 
theorems will exist. It is also clear that no use was made of our standing hy- 
pothesis that M and N be compact Hausdorff spaces so that the results are valid 
for any 7\-spaces. The idea underlying the proof is due to G. T. Whyburn. 

Suppose now that the situation is as in (3.16) and that K is a prime chain. 
The existence of a minimal set such as H being assured, we see, by reference to 
(2.6), that H is contained in a prime chain. It may be shown that H is unique 
(see [23]). 


(3.17) If A is non-alternating and B is a prime chain in N, then there is a unique 
prime chain A in M whose image covers B. 


(3.18) If A is non-alternating it is monotone relative to the collection of all sets 
[E(p)], pe N. 


Proof. If not, there is a set C = E(p) C N and a point n in N such that 
M—-A'C=M,+M.,M,|M., M,A'n#0# M,A"'n. 
Since n e N — C there exists a point z which separates n and p in N; 


N—-z=N,+N,, N,|N:, C-—-2zCN,, neN,, 
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from the definition of C as the set of all points y such that y ~ p. It follows 
that A7'n C A'N,, A°C — A“z C A'N, and 


M = Az = AN, + AN, ’ A'N, | A 'N, ; 
and A~'n meets each of the sets M,A™'N, and M,A'N,. But then 
M — Az = M,A'N, + (MAN, + A'N;) 


and the two summands of the right member of this equality are separated. 
Thus A~'z separates A~'n in M, a contradiction. 


(3.19) If AM = N is non-alternating, where M and N are locally connected and 
metric, then A is monotone relative to the collection of all chains of N. 


Proof. This follows the lines of that just given where z is replaced by the 
boundary of the complementary domain (which contains z) of the chain C. 
This boundary is a single point. 


For the definition of a tree, see [17]. If a tree is a metric space then it is a 
dendrite (or acyclic continuous curve) in the usual sense of the term, see [18]. 


(3.20) If AM = N is non-alternating and N is a tree, then A is monotone relative 
to the collection of all continua of N. 


Proof. What we have to show is that every subcontinuum of a tree is a chain. 
It will follow from the proof of this that if C is a chain then the complementary 
domain boundaries are single points. Hence the modification of the proof of 
(3.18) suggested for (3.19) will be available. Let a and b be any points of N. 
Since N is locally connected and normal there is a closed set Z which is minimal 
relative to the property of separating a and b in N. Further, Z is the common 
boundary of A and B, the components of N — Z containing a and b. Suppose 
that Z contains two points p and g. For each point t of N — (a + b + Z) we 
can find an open connected set U(t) which lies in this set. For any point ¢ of 
one of the sets a,b,Z we can find an open connected set U(t) which does not meet 
the remaining two sets. We may also assume that U(p) and U(q) do not meet. 
Let [V] be the finite open covering in (i) of [17] which refines the covering [U(é)]. 
- It is easy to see (as in the argument given for (A,) of [17]) that [V] contains a 
simple closed chain. This is impossible from the definition of [V]. Thus Z is a 
point and so any pair of points of N can be separated by a single point. Hence 
[12; 74, Theorem 105] it follows that if X is a continuum and z is a point not in 
X then x can be separated from X by a point. Now if a and b are points of X 
then we cannot have a ~ x ~ b. Hence X is a chain, the chain condition being 
vacuously satisfied. 

We say that A is quasi-monotone provided that, if R is an open connected 
subset of N and R, is a component of A™'R, then R = AR, . Modifying in a 
minor way a recent result of Whyburn [25], we see that if N is a tree, A is quasi- 
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monotone and further A~‘e is connected for each endpoint e of N, then A is non- 
alternating. In view of (3.20) we then have 


(3.21) If A is quasi-monotone and A~'e is connected for each endpoint e of N, where 
M is locally connected and metric and N is a tree, then A is monotone relative to 
the collection of all continua of N. 


Of course, here, A carries chains into chains. It is also to be observed that 


there are other types of mappings which preserve chains [19]. However, it seems 
difficult to characterize more directly the class of all such transformations. 


1. 


2 


20. 


21 
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NORMAL BASES OF CYCLIC FIELDS OF PRIME-POWER DEGREE 
By Sam PeEruIs 


If Z is a normal field of degree n over F with automorphism group G = (J, 
S,,---, S,), a normal basis of Z/F is any basis of the form (u, u®*, --- , u®*). 
That such a basis always exists is well known (see [2; 32, footnote], [3], [4; 
bibliography], [5; bibliography]). We consider fields Z which are cyclic of degree 
n = p* over F, p being any prime, and obtain necessary and sufficient conditions 
for a quantity u of Z to generate a normal basis of Z/F. (When the conjugates 
of u form a basis of Z/F we shall say that u ‘‘generates”’ a normal basis of Z/F.) 
The structure of the extensions Z/F has been studied by A. A. Albert [1; [X] and 
his structure theorems are used here. The result is simplest in the case of 
characteristic p: the conjugates of a quantity u form a basis of Z/F if and only 
if the trace of u in Z/F is not zero. A particularly simple choice of u is given 
for this case. In the final section earlier results are applied to cyclotomic fields 
Z/F such that F contains a primitive p-th root of unity. 


1. Some lemmas. We first consider cyclic fields of arbitrary finite degree 
over a field F. 

Lemma 1. Let Z be a cyclic field of degree n over F with generating automorphism 
S and a normal basis generated by a quantity v. Then a quantity u = ev + cv° + 
+++ + ¢,_v°" of Z (ce; in F) generates a normal basis of Z/F if and only if the 
polynomials 
(1) fA) =G tod +--+ +0, »"", ga) =r” - 1 
are relatively prime. 

We must examine the matrix T expressing the conjugates of u in terms of the 


. S71 . tae . . . . 
basis (v, --- , v° ), and find the conditions under which it is non-singular. 
This matrix is 











Co CC Chr 1 | 
| 
(2) T mm Cn 1 Co Cn-2 : 
C) C2 Co | 
If a matrix A is defined to be the special case of T obtained by setting ¢, = 1, 


and c; = 0 fori ¥ 1, we have 


T= +A +--+ +e,1A"” = f(A), 
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where f(A) is the polynomial in (1). The polynomial g(A), furthermore, is both 
the characteristic and the minimum function of A. If f(A) and g(A) are relatively 
prime, there are polynomials a(A) and b(A) in the polynomial domain F[A] such 
that a(A)f(A) + b(A)g(A) = 1. Thus, since g(A) = 0, we find that a(A)f(A) = 1 
and T = f(A) is non-singular. 

Conversely, suppose that d = d(A) of degree > 1 is the g.c.d. of f(A) = fid and 
g(&) = qd. Then f(rA)g. (A) — gai) = 0, f(A)g (A) — g(A)fi(A) = f(A)g (A) 
= 0, though g,(A) ¥ 0 since g,(A) has degree less than n. The matrix T = f(A) 
is thus a divisor of zero and cannot be non-singular. This completes the proof. 

It is convenient to include in this section the proofs of two special results to 
be used later. 


Lemma 2. Let F be a field of characteristic p, and s, = 1" + 2° +---+(p—1)' 
nF. Thens, = O fork = 1,2,---, p- 2and s,., = —1. 


LemMa 3. Let p be a prime, and F be a field containing a primitive p-th root of 


p-l 
unity, ¢, and s, = >> (¢')*. Then s, = Ofork = 1,2, ---,p— lands, = p. 
7=0 
Both results may be proved simultaneously by use of the Newton identities 
[1; 151, exercise 5] which assert that, if s, is the sum of the k-th powers of the 
roots of an equation \" + ¢A""" + --- + ¢, -= 0, then s, + es) + +++ + 
Cy.-18, + ke, = Ofork = 1, 2,--+,n. For the first result above, the quantities 


1,2, ---,p— 1 are the roots of the equation 

w*-—-1=0, n=p-l, G = --- =e, = 0, C1 = —1. 
For the second result, the quantities 1, ¢, --- , ¢’"* are the roots of 

” —1=0, n= Pp, ¢ =--> =e¢,., = 0, cp, = —1. 


Next we have a result holding for arbitrary normal fields of finite degree over F. 


Lemma 4. Let N be a normal extension of degree n = mq over F with a normal 
subfield L of degree m over F. Then, if u generates a normal basis of N/F, v = 
T y,.(u) generates a normal basis of L/F. 


If G is the group of N/F with normal subgroup H belonging to L, then G = 
H + A.H + --- + A,H, HA; = A;H for every i, and the A; together with 
A, = I induce all the distinct automorphisms of L/F. Every v*‘ is in L 
and, in fact, v4é = Ty,,(u4‘) = ut? + ut + --- + u4™*, where the H; 
comprise H. It follows that the linear independence over F of the n quantities 


u“" implies that of the v**. 


2. F has characteristic p. In this section we consider cyclic p-fields, that is, 
cyclic extensions Z/F of degree p* and characteristic p, and provide in Theorem 
1 a determination of all normal bases of such extensions. The proof is a simple 
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application of the basic Lemma 1. The application of the latter result, however, 
requires a theorem insuring the existence of a normal basis, and the known 
proofs (see bibliography) of the general existence theorem, insofar as they require 
representation theory and linear algebras, are not as elementary as might be 
desired. In order to free our work of any dependence on the general existence 
proofs we shall state two further results yielding an explicit construction of an 
especially simple normal basis (see Theorem 3) and, although these results are 
immediate corollaries of Theorem 1, we shall prove them by methods which are 
elementary and completely independent of the earlier results of the paper. 


THEOREM 1. Let Z be a cyclic field of degree n = p* over F of characteristic p, 
and u be a quantity of Z. Then u generates a normal basis of Z/F if and only if 
the trace of u in Z/F is not zero. 


If «w does generate a normal basis of Z/F, the trace of u is surely not zero, for 
otherwise we should have a conflict with the fact that the quantities of a basis 
are linearly independent. Conversely, suppose that this trace is not zero. In 
the notation of Lemma 1, Tz,;r(u) = (co + | + +++ + e,-1)Tz,e(v) so that 
Co + ++: + ¢,-, ¥ 0, that is, f(1) ¥ 0. But in the present case n = p*, g(A) = 
\" — 1 = (A — 1)" so that A = 1 is the only root of g(A), and f(A) is prime to 
g(A). Thus it follows from Lemma | that u generates a normal basis of Z/F. 

Before continuing with Theorems 2 and 3 we must recall known results 
{1; IX] about the structure of cyclic p-fields and establish notations. We have 


(3) Z222Z2,>4.1>°*::>2=F, 

where each Z; is cyclic of degree p‘ over F and 

(4) Z=Zi:8)=FE), f=&ta, H=& +8, 

with a; and 6; in Z;_,. Note that the generating automorphism S of Z/F induces 
a generating automorphism in each Z;/F. We shall often write, for simplicity, 
Y for Z,_, , § for §, , a for a, , 8 for B, , and m for p*". 


= . ? iD om 1 
THEOREM 2. Let v generate an arbitrary normal basis of Y/F. Then u = vt” 
generates a normal basis of Z/F. 


We know that a basis of Z/F is given by the products 


(5) ys*¢ (k = 0,1, ---,m—1;7 = 0,1,---,p— 1). 


e 


The proposed basis consists of n = p* quantities u®* which span a linear sub- 
space L over F, and we shall show that L = Z by showing that ZL contains every 
one of the quantities (5). We now require the following known consequence of 
the Newton identities. (See [1; 198f]. It is interesting to note that this lemma 
yields the following equivalent statement of Theorem 1: a quantity 6 generates 
a normal basis of Z/F if and only if 5,_, generates such a basis for Y/F.) 
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Lemma 5. Let 6 = 6 + && + --- + 6, 2", 6; in Y. Then Tz,y(6) = 
—6,-1 . 


Now L contains 


m(p-1 


(6) utw” +---+x° = oT ,,;(?") = —v. 

For every quantity » = >> a,u*’ in L, every x =  au*'”’ is also in L. It 
follows that L contains v, v*, --- , v°” so that L contains Y. We shall assume 
that L contains vé* fori = 0,1, --- ,7 — 1 < p — 1 and shall prove that it con- 
tains vt’; since vé”™ is in L we need consider only the case 7 < p — 1. Let y be 
the linear combination of the quantities 


u = ve", ue" = v(é + 1)", von, wr” = (E+ p— 1)" 


with coefficients 1,1 + --- +1=j4+1,2+24+24---4+2,34+3+ 
S++ +3',---,1+(p—1)+--- + (p — 1)’, respectively. Then the 
coefficient of vé’™' in y is the sum of the coefficients just listed, that is, in the 
notation of Lemma 2, p + s, + s. + --- +s; = 0. The coefficient of vi = 
fork = 1,---,p—1is 


(Ors + + +84 +--+ 90 + --- 


(7) , 
+{1+(p—1) +--+ + (p—1)']-(—p — 1)'}. 

The reason for this fact is that the coefficient of &’~’~* in the expansion of 
(E+ ry’ is r“(p — 1)\(p — 2) --+ (p — k)/k! = r*(—1)‘ since p = 0. In the 
notation of Lemma 2 the expression (7) may be written as 


(8) (—1)*(8 + Sia ove H 8453) 


and this expression is equal to 0 whenever k + 7 is less than p — 1,p —1—k 
> j, and equal to (—1)**’ whenk + j = p-—1,p—1—k=j. This means 
that the coefficient of vt’ in the expression y is + 1 and the coefficient of v times 
a higher power of is 0. Then L contains + y = v(t’ + at’™' + --- + a;), a 
in F, and by induction hypothesis L contains every a,vé’~' (¢ = 1, --- , 7) so that 
these terms may be subtracted from + vy leaving vi’ in L. This completes the 
induction and proves that every vt" is in L (¢ = 0,1, --- ,p — 1). 
Since vé is in L it follows that every ve isin L. But 


A 


(9) we =o (E+B+ A +--- +8"), 


and every term v* 8° isin Y < L and may be removed from the expression (9). 

rm:  «. * . y Sk . . . 

This proves that v* — is in L for every k. We shall assume v” £' in L for i = 0, 
ss 2 a -" 7 ‘ 

1, --- ,j — 1 and every k, and shall prove v” ¢’ in L. Since vé’ is in L, so is 


Sk-1 


(10) (ES =o E+ B+ + 88°Y. 





_ 


i 





of 


he 


9). 
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If we expand the expression in parentheses according to powers of £, we may 
write (10) in the form 


(11) vg! a me . + Yok , + —s + Yi» Yi in Y. 


Kach y; is a linear combination of the conjugates of v, and every quantity av* ¢’ 
is in L for f < j and ain F so that by subtracting such quantities from (11) we 
find that vé’ is in L. We have proved that L contains every quantity of (5) 
so that L = Z. 


THEOREM 3. Let Z be cyclic of degree p* over F of characteristic p with generation 
(3), (4). Then u = (&& --++ &)’"' generates a normal basis of Z over F. 


This result may be established as a consequence of Theorem 2 by a simple 
induction on e, provided we have proved it for e = 1. Hence, we now consider 
the case e = 1 and wish to prove that ¢’~' generates a normal basis of Z = Z, 
over F. We need only express the quantities #’™', ( + 1)?",--- , (+ p— 1)" 
in terms of ¢”"', #”-*, --- , &, 1 and show the matrix of coefficients to be non- 
singular. This matrix 1/ will be shown to be 


| 3 1 —1 

(12) | l —2 = — 2-2 Qp-1 
ie 
! | | | 
| l —(9-1) (p-1f +--+ =-@-17"* @=-17' I] 


The correctness of the first row is obvious. The (& + 1)-th row consists of the 
coefficients of (¢°°)?"" = (& + ky? = & 1 + (p — 1)ke? +--+ + 7 which 
are of the form k'(p — 1)(p — 2) +--+ (p — #)/t! = (—1)'k*. This establishes 
(12). Since the (k + 1)-th row of (12) clearly is the vector 1, p — k, (p — ky’, «++ , 
(p — k)?" fork = 0,1, --- , p — 1, M is the Vandermonde matrix determined 
by the distinct quantities 1, 2, --- , p. Thus, WV is non-singular. 


3. F contains a primitive p-th root of unity. We now consider cyclic fields 
Z of degree n = p* over F of characteristic not p. If the roots of the equation 
” — 1 = O are not in F, this equation defines a field C = F(&), where & is a 
primitive p-th root of unity and C/F has degree v < p. The composite Z({) is 
the direct product Z X C over F and thus a quantity u of Z generates a normal 
basis of Z/F if and only if u generates a normal basis of Z(¢,) over F(g)). We 
shall, therefore, study only the case in which F contains & . 

For such fields F it is known [1; IX] that the extension Z/F has a generation 
of the following form: 
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(13) Z2=Z,>24,1>:°:°°->2= PF, 

(14) Z=Z.4(%), 8=ainZ,,, & = Be, 

(15) Bin Z:-1+,  Naz,-.,r(Bi) = bo, 

fort = 1,2, ---,e. Here S is a generating automorphism of Z/F. Especially 


important is the fact that when Z; is given, a generation (14) may be found for 
each choice of 8; satisfying (15). 

Further normalizations in the generation of Z above may be obtained by con- 
sidering relations between the 8; and the possibility of choosing some of them in 
F. Let g be the largest integer such that the equation \” " = ¢ has a solution 
A = ¢,-, in F and define 
(16) Yo-i = (Soa)? = So-i-1 (i = 0,1,---,g — 1). 


Ifg <e=f+g, we note that, since 
Nz, 1 r(B.) = So =s (fy \ a 
there must be [2; 97, Theorem 6] a quantity y, in Z,; such that 


(17) Nz, r(¥e) ae. ee Nz, JP(Ye) = So ’ 


and now we define 


(18) Ye j= Nay; (ye) = Nz, $4:/Z2s AVe ad (7 = 0, ili | = E). 
For every j = 1, 2, --- , e, the quantity y; is defined, is in Z;_, , and satisfies the 
condition Nz,_,;r(y;) = f. It follows that we may take every 8; = y; . We 


shall do so hereafter and shall refer to this fact by saying that Z/F has a “‘nor- 
malized” generation. In case F contains all of the n-th roots of unity, the 
normalized generation is the usual, simple one: &" = a in F, &* = ¢é, where 
¢ = ¢,_, is a primitive n-th root of unity. 

We now obtain a lemma which is the analogue of Lemma 5 and in strong 
contrast with it. When viewed in the light of Lemma 4, this contrast shows 
that the present case must lead to results very different from those for the case 
of characteristic p. As in the previous section, we shall use the notations Y = 
Z.1,¢=&,8 = B,,andm =p. 


Lemma 6. Let 6 = 6) + 5 +--+ + 5,87", 6; in Y. Then Tz,,(6) = 
T zy(8o) = Pp 5o . 
For, T = S” is a generating automorphism of Z/Y, 
= pee --- Bg, eM = Tie, RY = (80), 


and 


Tz/y(6) = pb + 6,f, +--+ + 6, . -._ = ’ & = > (5) 
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fork = 1,2,---,p— 1. Now s, is the sum of the k-th powers of the roots of 
the equation \” — 1 = 0, and Lemma 3 informs us that s, = 0 for k < p, as 
desired. 


TureoreM 4. Let Z be cyclic of degree n = p* over F containing a primitive p-th 
root of unity, p a prime, so that Z has the normalized generation described above. 


Let h be any fixed non-negative integer on the range e — 1,e — 2,--+ ,e— g, 
h eh 

s=p,r=p" = n/s, and let 

(19) u= b+ 6E+ --- + 6_,¢"" (6; in Z,) 


be any quantity of Z. Then u generates a normal basis of Z/F if and only if Z, = 
L, (k = 0,1, --- ,r — 1), where L, is the linear set over F spanned by the quantities 


(20) 6, 6, 6: (68°), -+, & (B--- By. 


(This theorem implies that the result of Theorem 1 is not valid for the present 
case. For, we may take 6, = 0 fork > 0so that L, = 0 ¥ Z, , but still retain, 
by Lemma 6, the property 7'z,r(u) # 0.) 


The condition L, = Z, means simply that 6, generates a normal basis of 
Z,/F. The theorem provides g different sets of necessary and sufficient condi- 
tions (or e sets if g > e); for the choice h = e — 1 the proof to be given is valid 


for an arbitrary generation (13), (14), (15). 
Let ¢ = p’, where f = e — g if e > g and, otherwise, f = 0. Then 68" --- 
—— Nz,/r(8) = §.-s-; and s = p' = tp*~’ so that 


(21) as* --- BP = (fp fe = 


and (21) is in F and is a primitive r-th root of unity. The conjugates of u may 
then be displayed in r sets of s conjugates in the following way: 


u= 6 + 6& + — -+- or 7 
us = 6) + BE + +++ + FB 


wtr 
+ 


u = 6+ bpt +--+ 5.9" : 
ue 8) + Br pBE + +++ + 8,4 (08); 
ur = BS EBS (pT BBS «+ BYE Hee HOS (OB BOY 


The n quantities u* span a linear subspace L over F of Z, all quantities of L 
having the form y) + yé + --- +7," with each 7, in the space L, spanned 
by the quantities (20). Since 1, &,---, t’~' form a basis of Z7/Z, and L, < Z, 


for each k, it is necessary that every L, = Z, if L = Z. 
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Conversely, suppose that every L, = Z, and let y = ayu + auu® + --- + 
a,.u = Owitha;,in F. If we writey = y% + ye + --- + 7,-.¢"" with the 
y. in Z, , we must have each y, = 0. We find that y, is a linear combination 


of the quantities (20) with coefficients given by 


a; =a;+a wp + Gisn(9 ) Hoes + Grae rye(p')” ; 


for7 = 0,1, ---,s — 1. The hypotheses L, = Z, and y, = 0 mean that each 
a; = 0. Thus the s equations 
(22) F(X) = a; + ajyAQ 4+ +++ + ajag-yrd”” = 0 


of degree at most r — 1 have the r distinct roots p* (k = 0,1, «++, — 1), whence 
we conclude that every a; = 0 so that the u*’ are linearly independent over F. 
When F contains the n-th roots of unity, 8 is in F so that each L, is spanned 
by 6., +--+, 6. This yields the following result. 
Coro.tiary. Let F contain the n-th roots of unity. Then u of (19) generates a 
normal basis of Z/F if and only if every 6, generates a normal basis of Z,,/F. 


Since g > e now, we may choose h = 0 and then the condition of the corollary 
becomes simply that every 6, # 0. This result may be generalized to the case 
of arbitrary degree. Let Z/F be cyclic of arbitrary finite degree q and let F 
contain a primitive g-th root of unity, so that Z = F(&), &° = ain F. Thena 
quantity u = 6 + 6¢ + --- + 6,,¢°" (6, in F) generates a normal basis of 
Z/F if and only if every 6, # 0. 

For proof one expresses the conjugates of u in terms of the powers of — and 
finds that the matrix of coefficients is a Vandermonde matrix, determined by 
the q-th roots of unity, whose columns have been multiplied by the respective 
coefficients 6, of u. This yields the result. 


4. Cyclotomic fields. The result of Theorem 4 may now be applied to cyclo- 
tomic fields. Let C, be the root field over F of the equation 


(23) , wr" —~ 1 =O 


so that C, = F by hypothesis. Let us assume, now, that F contains no roots of 


(23) other than the p-th roots of unity. As in the previous section we let ¢, 


denote a primitive root of (23) and define ¢; = ¢ ‘(j = 0,1, --+ , e) so that 
¢; is a primitive root of XY” ~~ = 1. 

Since the equation \” — ¢, = 0 has no root in F, it is irreducible [1; 188, 
Theorems 21 and 22] over F and defines a cyclic field C, = F(%), & = & , 


t) = fot, . For p > 2 we shall prove by a simple application of the theorems of 


Albert the known fact that C,/F is cyclic of degree p’, and as a by-product shall 
obtain an explicit form for the generation (13), (14), (15) of C_./F, C; = Z 





lo- 
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THEOREM 5. For p > 2, the cyclotomic extension C,/F described above is cyclic 
of degree p* and has generation (13), (14), (15) in which Z; = C; , &; = ¢; and 


a; = B; = ¢-, fori = 1,2, --- ,e. Further, it has a normal basis generated by 
the quantity 


M=L$E He FANE EGE Fe”). 


The first assertion was discussed above for the case e = 1 and we shall make 
an induction on e, assuming that C,_, = F(¢,_,) is eyelic of degree p*™ and 
fo-1 = f.-2f.-,. Since B,_, = ¢.-2, we have 
(24) Ne,-, r(fe-2) = So. 


Now ¢,-, has the minimum equation \” — ¢,_. over C,_. so that the norm of 
¢--1 in C,_,/C,_2 is ¢.-. when p is odd. Combining this fact with (24) we obtain 


(25) Ne,..be-1) = fe 


The existence in C,_, of a quantity ¢,_, satisfying (25) implies [1; IX, Theorems 
11, 12] that C,_, has overfields which are cyclic of degree p* over F and for which 


8B. = ¢.-,. Since B2 = ¢.-2 = (¢2_,)/&-1 , one such overfield is defined by 
the equation \” = ¢,-, = a,_,. This field is C, and the induction is complete. 

To prove the second assertion in Theorem 5 we note that for e = 1 it is proved 
by the corollary to Theorem 4 so that we may use induction on e, assuming the 
result fore — 1. Using Theorem 4 with h = e — 1 and r = p, we write u = 
bo +o. +--+ +2 ' so that in (19) é = ¢, and 6, = lfork > 0. The induction 
hypothesis means that 6, generates a normal basis of Z,_,/F, and it remains only 
to show L, = Z,_, (k = 1, 2, --- , p — 1), noting that in (20) we now have 
6. = land B = ¢,_,. Since k is prime to p, w = ¢4_, is also a primitive n-th 


root of unity; hence a basis of C,_, = F(¢._,) = F(@) is given by 


2 s-l 1 
(l,a,@w,°*>,@ ), s=p 
The quantities (20) now have the form 
(26) a w, ww, ee ww ---w , 


and since these s quantities are all powers of w with w* in F, it suffices to show 
; on. “on 
that the exponents on these powers are incongruent modulo s = p*'. Noting 


that (0, = fof = (6-)’", (2.4)* = o* = w"', we find these exponents 
to be 

; 0, 1, 1+ (p+ 1), 1+ (pt+i1)+ (p41), se 

(27) 


l+(p+1)+---+ (p41). 


First, we shall show that none of these quantities, except the first, is divisible 
by p*', or, what is the same, none of the quantities (26) is in F except the first. 
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Suppose that q is the smallest positive integer such that w = ww” --- wis in 
F. Thenn = gt+c¢,0< ce < q, and if c > 0 we have 


Sa(t—1) Sat 


S*-1 se t Sat 
ww ***w@ =l= ww -:-:-w Wy = WW 


with 


sent —t\S~at -t 


Wy = ww +++ = (w ‘) = w in F. 


This contradiction with the definition of g implies that c = 0, g must be a power 
of p, and we need only show that none of the quantities 


(28) b =1+(p+1)+--> + (p+1)"" (j = 1,2,---,e — 2) 
is divisible by p*™*. 


We shall make an induction on e, the first case to occur being e = 3. Then j 
must be 1, 


bh = 1+ (p+1) + (Qp+1)+---+(p—-1)pt!1 
=p+ppp—1)/2=p (mod p*) 
since p is odd. Thus b, # 0 (mod p’) and the case e = 3 is completed. Now 


we assume that for every j < e — 3, b; # 0 (mod p*~”’) and wish to prove 
b; #0 (mod p*~') (j = 0,1, +--+: ,e — 2). 
For j < e — 2, this is obvious. Now 
b, = bat; = ball + (p+ 1)" + (pt 1?" 4+ 0 + ptr” 


so that b,_. = b,-st.-. . Since the highest possible power of p dividing b,_; is 


p’*, it suffices to show that ¢,_, does not have a factor p’. But 
to=1lt+it+-:--+l=p (mod p’), 


to #0 (mod p’), 


and the induction is completed. 

We know, now, that none of the non-zero quantities in (27) is divisible by 
p’'. If two of the quantities in (27) were congruent modulo p*™', we should 
immediately obtain a contradiction with the fact just proved. Theorem 5 is 
thus established. 

Suppose that we modify the quantity u of the theorem by giving each of its 
terms ¢; and 1 an arbitrary non-zero coefficient in F. Then it is easy to see 
that Theorem 5 is valid for this generalized u and that the induction proof just 
given still holds. For, the quantities (20) all acquire a factor in F and this does 
not affect the linear independence over F of these quantities. 
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COROLLARY. Every quantity 


U = aq, + (angi +--+ + Xp it ') + °°: + ah. + *** + Qa.s i) 


with all coefficients a;; in F and # 0 generates a normal basis of the extension Z/F 
of Theorem 5. 
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COMPLETELY MONOTONE FUNCTIONS IN PARTIALLY ORDERED 
SPACES 


By S. BocHNER 


|. The theorem on completely monotone functions. 


THeoreM (Hausdorff-Bernstein-Widder [4]). Jf T'(a) is defined in0 <a < @ 
and if for each a and h (0 < h < @) the relations 


(1) (-1)"AtT(a) > 0, n=0,1,2,-:- 


hold, where A} T(a) = T(a), 4, T(a) = Tia+h) — T (a) and Ay’ T = AMAL T), 
then T(a) can be represented in the form 


ao 


(2) T(a) = | eo dE(s) 
and vice versa, where E(t) is a function in0 < t < @ for which E(0) = 0, and 
AE(t) > 0. 

Also, the limits E(+0) and E(t + 0),0 < t < &, are uniquely determined. 


It is the purpose of the present note to point out that the theorem remains 
true if the values of 7(a@) and E(t) instead of being numbers are elements of a 
suitable vector space S and that the space S may be as general as the wording 
of the theorem will allow. 

In order to be able to state assumption (1), it is sufficient to require that S 
be a commutative group of addition and that it be partially ordered by a relation 
T > 0 with the properties: 


Gq) 72> fF, 

ji) T > U,U > T imply T = U, 

(iii) T7 > U, U > V imply T > V, 

(iv) T > U implies T + V > U + V forany V. 


It is customary to add the following property: 
(v) Given T and U there exists an element V such that V > T, V > U, 


but we emphasize that this property will not be needed. 
Let us leave (1). However, as soon as we envisage the prospective relation (2), 
we are faced with the necessity of defining a Stieltjes integral of the type 


at 


| g(t) dE(t), 
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where g(t) is a number and E(t) is an element of S for each t. The definition of 


n 
such an integral necessitates the existence within S of sums >> a,,7’,, for arbitrary 
m=! 
real coefficients a,, and of limits for increasing (and, dually, decreasing) sequences 
of such sums. We therefore add the following properties. 


(vi) S is a vector space with real coefficients, and T > 0, a > 0 imply aT > 0. 
(vii) Every monotone increasing sequence which is bounded from above has a least 
upper bound which will be denoted by “sup”. That is, if T,, < Ty. ,n = 1,2, 
and T, < U for some U, then there exists an clement T, = sup, T,, such that 
T, < T,, and T, < U if U is any element for which T, < U. 


We will see in §2 that these properties are indeed sufficient to define the 
Stieltjes integral adequately and that our theorem holds. As pointed out before, 
no other lattice property will be required, not even property (v). If T is a 
symmetric operator in Hilbert space, we put 7 > 0 whenever T' is positive 
definite. With this partial ordering, we obtain spaces S which are not lattices. 
They are the space of all bounded Hermitian operators and suitable subspaces 
of that space. Certain spaces of unbounded symmetric operators are also admis- 
sible, as for instance, to mention a trite extension of bounded operators, the 
space of all symmetric operators which are represented by all symmetric forms 
of type 7 a? i 

A peculiar situation arises if S is also a ring with a unit element 1 for which 
(a) 1 > Oand (b) T > Oand U > Oimply TU > 0. Under these circumstances 
we may consider a semi-group 7T(a@) in 0 <a < ©. It isa function with the 
property 


(3) T(a) T(8) = T(a@ + 8). 
If in addition 
(4) 0 < T(a) <1, 
assumption (1) will be automatically fulfilled since 

—Aj T(a) = T(a) — Tia +h) = T(a) (1 — T(h)) > 0 
and, in general, 

(—1)"A; T(a) = T(a) (1 — Tih))" > 0. 

Hence our theorem applies and we have a representation (2). Now, on the basis 
of (3), if g(t) and y(t) are each a finite sum of the form =: aye “"‘(a, real, a, 


> 0), we immediately obtain relation 


(5) | g(t) dE(t)- ll V(t) dE(t) = | g(t) ¥(t) dE(t). 


Furthermore, if in S the product TU is a “‘continuous’”’ function of its factors, 
we may pass to limits in relation (5) and establish its validity for any continuous 








al 
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functions ¢(t), Y(t) in 0 < t < @ which vanish outside a finite interval. Also, 
on the basis of (4) we obtain the relation 


(6) 0< E(t) <1 (O< lt < @), 


and relations (5) and (6) taken together express the familiar fact that E(t) is a 
“resolution of a part of the identity”. 

We thus obtain a recent result of E. Hille [2] to the effect that for commutative 
bounded Hermitian operators T(a@) the assumptions (3) and (4) implv a formula 
(2) with (5) and (6). 

All our results can also be proved for the ‘‘discrete” case in which a and h 
assume only integer values 1, 2,3, ---. In this ease, a semi-group 7'(n) can be 
obtained from any element 7’ by putting T(n) = T”". Hence, for 0 < T < 1, 
we obtain 


a 1 
= m =? 2m . ] 
(7) t=|[ ‘dBW = / rd,{— E(log 4) 
“0 +0 7 

and if 7 is an Hermitian operator, this is its spectral formula and our derivation 
is in substance the method of F. Riesz [3]. 

2. Proof of the theorem. We will first list additional properties of S with brief 
proofs. They will be used frequently, sometimes without explicit reference. 


(i) If {7} and {U,,} are both increasing and each T,, > some U’,, and each 
{",, > some 7, , then 


sup 7’, = sup U,,. 


This holds, in particular, if {U,,} is a subsequence of {7',}. The proof follows 
’ | } 
readily from the definition of sup. 


(ii) If {7',} and {U,,} are both increasing, then 
sup (7, + U,,) = sup T, + sup U,,. 


In fact, the relation T, + U, < sup T, + sup U, immediately leads to sup 
(7, + U,) < sup 7, + sup U, . On the other hand, for m < n, T,, + U, < 
T, + U, < sup (T, + U,); hence U, < sup (7, + U,) — T,, ; hence sup T7,,, 
< sup (7, + U,) — sup U,, ; hence sup 7,, + sup U, < sup (T, + U,). 
(iii) If {7',} is increasing and \ > 0, then 
sup (A7’,) = Asup 7,. 


In fact, 47’, < A sup 7’, ; hence sup (AT) < A sup 7, ; hence also \ sup T, = 
A sup (AAT) < AX" sup (AT,,) = sup (A7’,,). 


(iv) If T < Oand e, \ 0 (e, is a real number) then 


sup (e,7°) = 0. 
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In fact, there is a subsequence {e,,} of {¢,} for which 


ae er. ee 


Hence, by (i) and (iii), sup (¢,7') < 2 sup (e,7’) < sup (e,7'), or sup (e,7) = 
2 sup (e,7'), or sup (e,7') = 0. 
The key to our argument will be the following simple lemma. 


LEMMA I. If Pi. . fae Cen S 0. 8 ee 28 ++ ee if there exist an 
element V > 0 and a sequence «€, \. 0 such that 


(8) U.-7T.< «VJ; 
then 
(9) sup T',, = inf U,, . 


In fact, the inequality sup 7’, < inf U’, is obvious. Now, (8) can be written 
in the form 


—¢V < T, + (-U,) 
and hence, by (ii) and (iv), 
0 = sup (— e,V) < sup 7, + sup (-—U,) = sup 7, — inf U,,, 


that is, inf U, < sup T,. 
Derinitions. The function space F consists of all real continuous functions 
f(t) in 0 < t < © for which 


(10) f(it)}| <ae*', a>O0, ar>O O<t<o, 


where the constants a and a depend on f(t). An element f(t) of F is called a 
special function if it vanishes outside some interval 0 < ¢ < & , 4, depending on 
f(t), and it is called pseudo-polynomial if it is a finite sum 


(11) p(t) = > ce *", 


where ¢, is real, and a, > 0 and rational. The set of special functions will be 
denoted by F, , and the set of pseudo-polynomials by P. 

A distributive operation A(f) from a set F” in F to S is called positive if f(t) > 0 
implies A(f) > 0. 


Lemma 2. The set P is dense in the space F in the following sense. Corresponding 
to any element f ¢ F there exist sequences }p,} , \q,} in P, an exponent a > 0, and 


a sequence €, \, 0 such that 


p(t) < prof Sf) << aud < q,(b), 
(12) 


at 


q,(t) — p(t) < €,€ (n=1,2,---;0<t< o@). 
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In fact, if | f(t) | < ae~*', then for 0 < a < 8, e*‘ f(t) is uniformly continuous 
in0OQ<t< @. By Weierstrass’ approximation theorem, corresponding to any 
sequence 7, \. 0 there exists a sequence of ordinary polynomial ¢,,(¢) in e~‘, such 
that | e“‘f(t) — ¢,(t) | < », , that is, 


(13) SO) — e*e,(t) | < men. 


Now, if > n, is convergent and if we put p, = » (n. + ,+:), then the quantities 


man 


—a at 


p(t) =e “'gn(t) — pre, = galt) =e ““prlt) + pre", xn = pn 
satisfy (12). 


Lemma 3. Any positive operation Af from P to S can be continued to a positive 
operation from F to S. The continuation is unique. 


In fact, if we put 7, = A(p,), U, = A(q,), V = Ale“), then, by Lemma 1, 
(12) implies 


(14) sup 7, = inf U,. 


Given f ¢ F, it is not hard to verify that the common value of both sides in (14) 
is independent of the approximating sequences (12), and it is also not hard to 
verify that (14) defines a distributive operation on F. If f(t) > 0, each q,(t) > 0, 
and hence A(f) > 0. The proof for the uniqueness of the continuation is implied 
in the proof for its existence. 


Lemma 4. If p(t) ts an element of P, and p(t) > Oin0 < t < @, then p(t) isa 


finite linear combination with positive coefficients of functions e*'(1 — e~7')’, 


where 8 and y are positive rational numbers and n = 0,1, 2, --- . 


In fact, there is a positive rational exponent a such that e*' p(t) is an ordinary 
polynomial of e~*’, where y is a suitable rational exponent (reciprocal of an 
integer). Hence, by a fundamental theorem of Hausdorff [1], e*‘p(¢) is a finite 
linear combination with positive coefficients of expressions e""‘(1 — e 7‘)" 
(m,n = 0,1, 2, ---). This proves the lemma. 

Now consider the function 7a) of our theorem and for every rational a, put 
A(e~*') = T(a). This defines a distributive operation from P to S. By (1), 
A(e“*‘(1 — e“‘)") > 0, and, by Lemma 4, A(p) > Oif p(t) > 0. If p(t) > 0, 
we take any rational a > 0 and consider the polynomial p(t) + ee” *‘ for « > 0. 
Since it > 0, we have A(p) > — €7(a), and by property (iv), this leads to 
A(p) > 0. Hence, A(p) is a positive operation, and, by Lemma 3, it can be 
continued onto all of F. 

If a > 0 is irrational, there exist positive rational numbers 6, , y, , 6 and 
é, \. Osuch that 8, < Bis: < a@ < yn. < y, and e&*™" — e™ < ¢,e"*'. Hence, 
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applying Lemma 1 to the quantities T, = T(y,) = Ate"), U, = T(6,) = 
A(e~"'), V = A(e~*'), we readily conclude 
sup, T(a — «) = A(e"“') = inf, T(a + e). 

Thus 7(a@) is continuous, and T(a) = A(e~“‘) for all a > 0, rational or irrational. 

If p > Ound 0 < e€ < p, we consider the special function w,, (¢) which is 1 in 
0<t<p—eOinp <t < o, and linear in p — e < ¢t < p. If € decreases, 
w,. (t) increases, and hence the value 
(15) sup, A(w,,.(t)) = E(p) 
exists. This is the function E(t) to appear in (2). 

We pick a special function f(t) and a number a > 0 such that f(t) = 0 for 
t >a. We consider any points 
(16) Se, €6 <6 < «++ <€ €, < ha @«, 
any numbers J,, , and any numbers 7,, > 0 such that 


(17) SO>Lt+m, tht Stra, (m = 0,1, «++, 2). 
If ¢ is smaller than the mesh of the partition (16), then the continuous function 
9. (t) aad l, Wire + i l, (Wrasse oa 1 me) 
m=1 
has the constant value J,, in (¢,, , t.4: — €), is linear in the connecting intervals 
(tmer — € fn4:), and is O fort >a. Therefore, for ¢ sufficiently small (depending 

on the 7,,), f(t) > g.(t)in0 < t < ©. Thus, A(f) > A(g.), that is, 
(18) A(f) > ty Alon.) — QE (ln — Invi) A(or,.)- 
m=1 
Since A(w,,..) is increasing with ¢« decreasing, we may first let « tend to 0 in the 


second term on the right side of (18). This done we may also let « \, 0 in the 
first term, and we thus obtain 


(19) A(f) > 1, E(taus) — > (lm — Im-1) E(tm); 
that is, 

(20) A(f) > Jil, 9 ‘3. 

where 

(21) (Im 5 tm) = ly E(t) + QO Im (Eltmss) — Eltn)): 


The sum (21) increases with each /,,. Hence, by applying sup successively we 
may let 7,, — 0, and finally define 
L,= min /f(d. 
ct t 


tmStStm+i 








ling 


the 
the 


yw e 





COMPLETELY MONOTONE FUNCTIONS 525 


Similarly we have 


22) A(f) < J (Xn ’ i. 
where 
(23) Aw = max (f(t). 


tmStstm+. 


Now, if #(¢) is any increasing function in 0 < ¢ < a, with E(O) = 0, and f(é) 
is a continuous real function, if we take a directed sequence of partitions 7, 
(k = 1, 2, 3, ---), each of the form (16), if we denote the corresponding lower 
and upper Darboux sums J(/%, , @) and J(A,, , &) by T, and U, respectively, 
and if for the k-th partition we put «, = max,, (A, — U5), then 


U,— T, < «E(a). 
Hence, by Lemma 1, 
sup 7, = inf U, 


and the common value may be denoted by 


[ fd E(t). 


Also, by (20) and (22) we may now write 
(24) A(f) = [ f(dd EO, 


x b 
where f is any special function and [ indicates the common value of [ for all 
“oO “0 
b > a, where f(t) = O fort > a. 
Finally, if f(t) = e°*', for some a > 0, we may pick a sequence of number 
0 <a, <a < --- — », and a sequence of special functions f, (4), f2(0), --- of 
the following description: 


fi.)=ft) it0<t<a,, 


bo 
uo 


O< f(t) < fi) Te © tS Gia; 


f.(t) = 0 if au. St < 


Obviously, f,,(4) increases monotonically to f(t), and there exist a rational 8 > 0 
and a sequence ¢,\, 0 such that f(t) — f,(Q) < «,e°"'. Since 


20» 


[ “ode < | f(OdEW = AG < i ~ f()dE() < A(f) 


and A(f) < A(f,) + «, 7(8), we conclude, again on the basis of Lemma 1, that 


(26) sup, [ ‘ “aK ( 


Ill 


[ea nw) 


“0 
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exists and has the value A(e~*') = 7a) for a > 0, rational and irrational. This 
completes the proof of relation (2). 

In the second place, if E(t) is an increasing function from 0 < t < @ to S, 
E(O) = 0, and if the quantity (26) exists for every a > 0, then on the basis of 
the approximation (25) the quantity (24) exists for all f(t) > 0 which belong to 
F. Also, if f,.> 0, f. > 0, a, > 0, a. > 0, f(t) = a, f,(t) + aof.(t), then A(f) = 
a, A(f,) + a, A(f.). Now, if f(t) is any element of F, then we may put f = f~ — 
f°, where f*(t) = sup (f(d, 0), f/- () = sup (—f(t), 0), and for any other de- 
composition f = f, — fo, fi > 0,f2 > 0, wehavef, =f’ +¢,fh=f +¢,¢ 2 90. 

This enables us to extend the definition of the integral (24), and hence of the 
distributive operation A(f), to all of F, and the completed operation A(f) is 
distributive and positive. 

Finally, if a function 7a) is given as an integral (2), we may define two positive 
distributive operations. The first is a continuation from P to F of the operation 
A'(p) as given by A’(e"“') = T(a), a > 0 rational. The second operation is 
given directly in terms of the integral (24). By the argument just completed, 
and by the uniqueness clause in Lemma 3, the two operations are identical. 
Hence we may assert that the quantity 

A(w,() = | o()dEO 
Jo 
is uniquely determined by the values of the function T(a). By our definition 
of integral 
E(p — €) < A(w,.(t)) < E(p). 
Replacing p by p — « (0 < 2€ < p), we have 
E(p — 2 €) < A(w,-...(0)) < El(p — 6), 
and hence the quantity 
E(p — 0) = sup, A(w,-...(4)) (0< p< @) 
is also determined by T(a). Similarly 
E(p + 0) = inf, A(w,....) (0< p< @&) 

and £(+0) = inf,£(e) are all determined in terms of 7'(a), and this completes 
the proof of the theorem. 
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CONVERGENCE IN LENGTH AND CONVERGENCE IN AREA 


By T. Rap6é anp P. REICHELDERFER 


CHAPTER I 
Introduction. Statement of Results. 


1. We are given a sequence of functions f,(7) (n = 0, 1, 2, ---), each defined 
on a closed (linear) interval [a, b], and the following conditions. 


(1.1) Each of the functions f,(x) (n = 0, 1, 2, ---) is continuous on [a, b). 

(1.2) The functions f,,(~) converge uniformly on [a, b] to the function f,(z). 
(1.3) Each of the functions f,(x) (n = 0, 1, 2, ---) is of bounded variation on 
la, b]. (Observe that this condition implies that the quantities involved in the 
remaining conditions in this section are finite.) 

(1.4) The total variation 7(f,) of f,(x) on [a, b] converges to the total variation 
T (fo) of fo(x) on fa, B]. 

(1.5) The total variation T(f, — f.) of f,(x) — fo(x) on [a, b] converges to zero. 
(1.6) The are length L(f,) of the curve y = f,(x) (a < x < b) converges to the 
are length L(f.) of the curve y = fo(x) (a < x < BD). 


Make the following definitions. 


(1.7) A sequence of functions f,(2) satisfying conditions (1.1)-(1.4) is said to 
converge in variation to the function f,(x) on [a, b]}—briefly, f, — v — fy on [a, b}. 
(1.8) A sequence of functions f,,(2) satisfying conditions (1.1)-(1.3), (1.5) is said 
to converge strongly in variation to the function f(x) on [a, b]—briefly, f, — sv - 
fy on {[a, b]. 

(1.9) A sequence of functions f,(2) satisfying conditions (1.1)-(1.3), (1.6) is said 
to converge in length to the function f,(x) on [a, b]—briefly, f,, — 1 — fy on fa, b}. 
Since | T(f,) — T(fo)| < T (f, — fo), it follows that f, — sv — f, on [a, b] implies 
that f, — v— f, on [a, 6]. 


2. The terminology set forth in the preceding section is due to Adams, Clark- 
son, and Lewy [1], [2], but the definitions are not phrased as generally as they 
have given them. They do not require that the functions be continuous, or that 
the convergence be uniform. We have added these conditions because we want 
to think of these functions as representing continuous curves. Many of the 
theorems which we shall derive, together with the proofs which we give for them, 
are clearly valid if the continuity condition I, (1.1), that is, Chapter I, statement 
(1.1), is discarded, and if uniform convergence in condition I, (1.2) is replaced 
by ordinary convergence; in particular, this is true of the theorems which include, 

Received March 4, 1942. Some of the results in this paper were presented to the American 
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as special cases, the results of Adams and Lewy which we cite in the next section. 
However, continuity and uniform convergence will be essential conditions for 
other results in this paper. 


3. Adams and Lewy [2] have established the following results. (We do not 
quote Adams and Lewy exactly, since we have modified their definitions (see 


I, §2).) 


(3.1) If f, — l— fy on [a, bj, then f, — v — f, on [a, bj, but the converse is gen- 
erally false even if the functions f,(z) (n = 0, 1, 2, ---) are absolutely continuous 
on fa, 5]. 

(3.2) If f, — l1— f, on [a, b], then it is not generally true that f, — sv — fy on 
la, b]. But if f, — l1— f, on [a, b], and if f.(x) is absolutely continuous on [a, }}, 
then f,, — sv — f, on [a, b]. 


4. The purpose of this paper is the investigation of generalizations which arise 
hy replacing, in the definitions given in I, §1 and in the results cited in I, §3, 
non-parametric representations of plane curves by both parametric and non- 
parametric representations for space curves and for curved surfaces. In fact, 
we were interested in using, not the representations for curves or surfaces, but 
the curves or surfaces themselves in formulating our definitions and theorems. 
The nature of this question necessitated rather complicated geometrical con- 
siderations in order to insure that the concepts of length, area, and variation 
which we used belonged to the curve or surface and not to a particular repre- 
sentation thereof. This investigation we have carried out, but in order to reveal 
clearly the interesting analysis to which this question has led us, we choose to 
suppress bulky geometrical considerations and to work always, not with a curve 
or a surface, but with a particular representation for a curve or surface. On 
another occasion, we plan to treat the geometrical side of this question. Our 
results flow from general theorems in analysis. For this reason, it will be eeonom- 
ical merely to state our definitions and results in this chapter. In Chapter II 
we shall present systematically general theorems in analysis, which we apply in 
Chapter ITI to make the proofs for our results. 


5. Let x(u), y(u), z(u) be a triple of real-valued functions defined and con- 
tinuous on the closed (linear) interval [a, 8]. Then the equations 


x = x(u), y = y(u), =x £(t) (a <u < 8B) 


nN 


give a parametric representation for a continuous curve in xyz-space. (For pre- 
cise definitions of continuous curves and continuous surfaces, see [8], [10].) For 
conciseness, we employ triple notation and write these equations in the form 


(5.1) r= r(w), u € la, B] (r(u) = (x(u), y(u), z(u));a Su < B). 





¢ 


on- 
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Corresponding representations for the projection of this curve upon the co- 
ordinate planes, yz, zz, xy, respectively, are given by the triples 


5.2) x-r(u) = (0, y(u), z(u)), y-r(u) = (x(u), 0, z(u)), 

2-r(u) = (x(u), y(u),0) (a cu < B). 
That is, the triples obtained by replacing the first, second and third components 
of r(u) by zero will be denoted by 2-r(u), y-r(w), 2-r(u), respectively. 


6. For the convenience of the reader, we summarize some known results con- 
cerning continuous curves, which we have occasion to use in the sequel [10]. 
We assume that the reader is familiar with the notion of the are length L(r) of 
the curve given by I, (5.1). A necessary and sufficient condition that L(r) be 
finite is that each of the functions 2(u), y(u), z(u) be of bounded variation on 
la, BJ. If L(x) is finite, then the derivatives z’(u), y’(u), 2’(u) of x(u), y(u), z(u), 
respectively, exist almost everywhere in [a, 8], are summable, and 

»8 . 
L(x) > | [a’(u)? + y’(u)? + 2’(u)*} du. 
Ja 

A necessary and sufficient condition that the sign of equality hold here is that 
each of the functions x(w), y(u), z2(u) be absolutely continuous on [a, 6]. If 
r,(u) = (x,(u), y,(4), 2,(u)) is a sequence of triples of continuous functions such 
that x,(u), y,(u), z,(u) converge uniformly on fa, 8] to x(u), y(u), z(u), respec- 
tively, then lim inf Li(r,) > L(r). 


7. Now we give definitions for convergence in variation and in length for 
parametric representations of space curves, which are analogous to the definitions 
in I, §1 for non-parametric representations of plane curves. We are given a 
sequence of triples r,(u) = (x,(u), y,(u), z,.(u)) (n = 0, 1, 2, ---) of functions 
defined on a closed interval [a@, 8], and the following conditions. 


7.1) Each of the functions x,(u), y,(u), z,(u) (n = 0, 1, 2, ---) is continuous 
on fa, ]. 

(7.2) The functions x,(u), y,(u), z,(u) converge uniformly on [a, 6] to x(u), 
Yo(U), 2(u), respectively. 

(7.3) Each of the funetions z,(u), y,(u), z,(u) (n=0, 1, 2, ---) is of bounded 
variation on [a, 6]. 

7.4) The total variations 7'(x,), T(y,), T(z,) of x,(u), y,(w), z,(u), respectively, 
on [a, 8] converge to the total variations 7'(2), T(yo), TZ) of xo(w), yo(w), 2o(u), 
respectively, on [a, 8]. 

7.5) The total variations 7'(2, — 29), T(y. — yo), T(Zn — 2%) of x,(u) — x(u), 
y,(@) — yo(u), z,(u) — 2%(u), respectively, on [a, 8] converge to zero. 

7.6) The are length L(r,,) of the curve represented by r = r,(u), wu € [a, 8], con- 
verges to the are length L(x,) of the curve represented by r = ro(u), u € [a, 8]. 
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Make the following definitions. 

(7.7) A sequence of triples r,,(u) satisfying conditions (7.1)-(7.4) is said to con- 
verge in variation to the triple xo(u) on [a, 8]—briefly, r,, — v — Xr on fa, 6]. 
(7.8) A sequence of triples r,,(u) satisfying conditions (7.1)-(7.3), (7.5) is said to 
converge strongly in variation to the triple ro(w) on [a, 8]—briefly, r,, — sv — rp on 
[a, 8]. 

(7.9) A sequence of triples r,(u) satisfying conditions (7.1)-(7.3), (7.6) is said 
to converge in length to the triple x,(u) on [a, 6]—briefly, r, — 1 — fr on [a, 6]. 


It is clear (cf. I, §1) that x,, — sv — rp on [a, 8] implies that r,, — v — ry on [a, 8). 


8. Generalizing the results of Adams and Lewy cited in I, §3, we prove (see 


IIT, §§1, 2) the 
‘THEOREM. 


(8.1) If xr, — l— x on [a, B], then (see I, (5.2)) a-r,, — l— a-my) , yt, — lL y-t , 
z-r, — 1— 2-r on [a, Bl]. 

(8.2) Ifr, — l— 1 on [a, B], thenr, — v — I on [a, B]. 

(8.3) Ifr, — l— 1 on [a, 8], it does not generally follow that r,, — sv -> ft) on [a, p}, 
even though the functions x,(u), y,(u), z,(u) (n = 0, 1, 2, ---) are absolutely con- 
tinuous on [a, B]. 

(8.4) Ifr, — sv — rp on [a, 6], and if x,(u), y,(u), z,(u) are absolutely continuous 
on [a, 8] forn = 1, 2, --- , then x(u), yo(u), 2o(u) are absolutely continuous on 


la, 8}. 


(It follows readily from the results of Adams and Lewy cited in I, (3.1) that 
no converse may be expected for either I, (8.1) or I, (8.2). For I, (8.4), we 
actually prove a sharper result (see III, §2).) 

If we observe that the total variation of a single function, say x(u) on [a, 8}, 
may be interpreted as the length of the one-dimensional curve given by x = x(u), 
y = 0,z = 0 (a < u K< 8B), then the first two parts of this theorem may be ex- 
pressed geometrically as follows. If a sequence of parametric representations 
for continuous curves C,, in xyz-space converges in length to the parametric 
representation for a continuous curve C, , then the corresponding sequence of 
representations for the projection of C,, on any one of the coordinate planes 
converges in length to the corresponding representation for the projection of C, 
on that coordinate plane, and the corresponding sequence of representations for 
the projection of C, on any one of the coordinate axes converges in length to the 
corresponding representation for the projection of C, on that axis. (In fact, this 
statement remains valid for projections on any plane in space, and on any line 
in space.) 
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9. Let y(x), z(x) be a pair of functions defined and continuous on the closed 
(linear) interval [a, 6]. Then the equations 


y = y(z), z= 2(2) (a<a<b) 


give a non-parametric representation for a continuous curve in xyz-space. For 
conciseness, we write these equations in the form 


(9.1) y = Ya), x e[a, b] (y(x) = (y(x), 2(@));a Sax <b). 


We denote the length of this curve by L(y). Remarks similar to those in I, §6 
are valid. The reader will have no difficulty in formulating, for non-parametric 
representations of curves, definitions of convergence in variation, strong con- 
vergence in variation, and convergence in length, analogous to those given in 
I, §7 for parametric representations of curves. 


10. Generalizing the results of Adams and Lewy cited in I, §3, we prove (see 
III, §3) the 


THEOREM. 


(10.1) Lf y, — 1 — Yo on [a, b], then (see 1, §1) y, — 1— yo, 2, — 1 — % on [a, b}. 
(10.2) Lf »,, — 1 — Y on [a, b], then y, — v — Y on |a, Dd}. 

(10.3) If y, — 1 — yp on [a, b] and if yo(x) and 2(x) are both absolutely continuous 
on |a, bj, then »,, — sv — Yo on f[a, B}. 

(10.4) If y,, — 1 — v9 on [a, b] and if y, (x) and z,(x) are both absolutely continuous 
on [a, b] for n = 1,2, --+, then yo(x) and z)(x) are both absolutely continuous on [a, b) 
(sce remark at the end of §8). 


This theorem admits a geometrical interpretation analogous to that given in 
I, §8 for parametric representations of curves. (10.3) and (10.4) contain the 
fact that if y, — 1 — Y» on [a, b] and if an infinite subsequence of the pairs of 
functions y,,(a2) and z,,(2) are both absolutely continuous on [a, b], then a necessary 
and sufficient condition that y, — sv — y, on [a, b] is that both yo(x) and z,(2) 
be absolutely continuous on [a, b]. 


11. This concludes a statement of our results for continuous curves. As we 
turn to consider continuous surfaces, a new problem confronts us. We want to 
work with concepts for the area of a surface and for bounded variation and 
absolute continuity of a representation for the surface. Now the corresponding 
concepts for curves are quite generally accepted as well known among mathe- 
maticians. But for continuous surfaces, there is no general agreement on the 
meanings for these concepts [8], [10], [12]. The theory of continuous surfaces, 
together with the companion theory of multiple integrals in the calculus of 
variations, is far from being complete. However, for the special case of surfaces 
given in non-parametric representation, the theory is as complete as the theory 
of continuous curves. We shall discuss this special case first, deriving results as 
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complete as those we have for curves. In I, §§12-17, we summarize the impor- 
tant features of this theory for the convenience of the reader (see [13; V] for a 
presentation of this theory and for references to the literature). 


12. Let f(x, y) be a function defined and continuous on the (planar) interva! 
la, b; c,d]. (By the interval [a, b; c, d] in the xy-plane, we mean the set of points 
(x, y) satisfying a < x < b,c < y < d.) For fixed y in [c, d], denote by V_(y,f 
the total variation of f(x, y) as a function of x on the interval [a, b]. Since f(z, y) 
is continuous, it follows that V,(y, f) is a lower semi-continuous function on 
[c, d|. Define V,(x, f) by interchanging the réles of x and y. If both V_(y, f) 
and V,(x, f) are summable on their respective intervals of definition, then f(x, y 
is said to be of bounded variation in the sense of Tonelli on the interval [a, b; c, d} 

briefly, BVT on [a, b; c,d]; we define the x- and y-variations of f(r, y) on [a, b: 
c, d| to be, respectively, 


ab 


d 
TAS) = [ V.(y, f) dy, T,(f) = ¥ ie. $) de. 


a 


13. Let f(x, y) be a function defined and continuous on the interval {a, b; ¢, d}. 
Denote by E(y, f) the set of points y contained in [c, d] for each of which f(2, y 
is an absolutely continuous function of x on the interval |a, 6]. Since f(z, y) is 
continuous, it follows that E(y, f) is a Borel set, hence measurable. Define 
E(x, f) by interchanging the réles of x and y. If f(a, y) is BVT on [a, b; ¢, a), 
and if 


| E(y,f)| =d-—e, | E(z,f)| =b-—a, 


then f(x, y) is said to be absolutely continuous in the sense of Tonelli on [a,b;c,d} 
briefly, ACT on [a, 6; c, dj. (If & be any point set in n-dimensional Euclidean 
space, then | E | denotes the n-dimensional exterior measure of E.) 


14. Let f(x, y) be a function defined and continuous on the interval [a, b; ¢, d]. 
For fixed y in [c, d], denote by L,(y, f) the length of the curve z = f(x, y) (a < x 
< b). Since f(z, y) is continuous, it follows that L,(y, f) is a lower semi-contin- 
uous function on [c, d]; thus L,(y, f) is a non-negative, measurable function. 
Define L,(x, f) by interchanging the réles of x and y. Clearly 


Vity,f) < Ly, f) <b -—a+t Vy, f), y €[e, dj, 
Viz,f) < La, f) < d—ect V,(2,f), x € [a,b], 


lA 


so that a necessary and sufficient condition for the summability of L,(y, f) and 
L,(z,f) is that f(x, y) be BVT on [a, b; c,d]. If f(x, y) is BVT on [a, b; ¢, d], define 


d o/ 


SiN =| Lady, Sf) = | Le, f) de. 
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15. Let f(a, y) be a function defined and continuous on the interval fa, b; ¢, /). 
Then the equation 


(15.1) z = f(x, y) fax<x<be<y<d) 


gives a non-parametric representation for a continuous surface [5], [6]. If it is 
possible to subdivide the interval [a, b; c, d] into a finite number of non-over- 
lapping triangles, on each of which f(x, y) is a linear function in both x and y, 
then f(x, y) is said to be quasi-linear on [a, b; c, d], and the surface represented 
by (15.1) is termed a polyhedron. Now the image of a triangle on which f(x, y) 
is linear in both x and y is again a (possibly degenerate) triangle; thus a poly- 
hedron is composed of a finite number of triangles which are the respective 
images of the triangles in a subdivision of the interval |a, b; c, d] into non-over- 
lapping triangles. The sum of the areas of these image triangles is the elementary 
area a(f) of the polyhedron, and is independent of the choice of subdivision of 
la, b; c, d]. 


16. The Lebesgue area A(f) of the continuous surface given by I, (15.1) may 
be defined as follows. (This is not the original definition for the Lebesgue area 
of a continuous surface [8], [10]. However, this definition is equivalent to the 
Lebesgue definition, for surfaces in non-parametric representation.) Let f,,(2, y) 
(n = 1, 2, ---) be a sequence of quasi-linear functions on the interval [a, b; c, d] 
such that f,,(x, y) converges uniformly on [a, b; c, d] to f(a, y). Then lim inf a(f,) 
is an upper bound for the Lebesgue area A(f); and A(f) is the greatest lower 
bound of all the upper bounds obtained in this way. If f(x, y) is quasi-linear 
on [a, b; c, dj], one has A(f) = a(f). 


17. Let 1, (15.1) be a non-parametric representation for a continuous surface. 
A necessary and sufficient condition that the area A(f) be finite is that f(x, y) 
he BVT on |[a, b; ¢, d]. If A(f) is finite, then the partial derivatives 


0 . 0 
p(z, y) = of q(z,y) = — 
Ox 


exist almost everywhere in the interval [a, b; c, d] and are summable; and (see 1, 


§§12-16) 


(17.1} Tuff) => | | p(x, y) | dx dy, T,(f) => | q(x, y) dx dy; 


S.(f) = | / [ p(x, y)” + 1) dx dy, 


(17.2) 
b d a 
sy> ] [ tae, p? + UI ae dy; 
(17.3) A(f) > [ [ [ p(x, y)’ + g(x, y)? + 1}' dx dy. 
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A necessary and sufficient condition that the signs of equality hold in relations 
(17.1), (17.2) or (17.3) is that f(x, y) be ACT on [a, b; ¢, dj. If f, (2, y) be a 
sequence of continuous functions such that f,(2, y) converges uniformly on 
la, b; c, d] to f(x, y), then 


(17.4) lim inf T,(f,) > T.(f), lim inf T,(f,) > T,(f); 
(17.5) lim inf S.(f,) > S.(f), lim inf S,(f,) > S,(f); 
(17.6) lim inf A(f,) > A(f). 


If f(x, y), fo(a, y) be defined and continuous on [a, b; ¢, d], then 


(17.7) TAfi fo) < TAS) + Tho), Tift + fo) < TA) + Ty(fr). 


18. Now we give definitions for convergence in variation and in area for non- 
parametric representations of surfaces, which are analogous to those in I, §1 for 
non-parametric representations of plane curves. We are given a sequence of 
functions f, (x, y) (n = 0, 1, 2, ---) each defined on a closed interval [a, b; c, d], 
and the following conditions. 


(18.1) Each of the functions f,(x, y) (n = 0, 1, 2, ---) is continuous on [a, b; ¢, d]. 
(18.2) The functions f,(2, y) converge uniformly on [a, b; c, d] to the function 
fo(x, y). 

(18.3) Each of the functions f,(x, y) (n = 0, 1, 2, ---) is BVT on [a, b; c, d]. 
(18.4) The x- and y-variations, T,(f,) and 7,(f,), converge to T,(f.) and T,(fy) 
respectively. 

(18.5) The 2- and y-variations, T,(f, — f.) and T,(f,, — fo), converge to zero. 
(18.6) The areas A(f,,) of the surfaces represented by z = f,(x, y), (x, y) € {a, 6; 
c, d], converge to the area A(f,) of the surface represented by z = fi(x, y), 
(x, y) € [a, b; ¢, d]. 


Make the following definitions. 


(18.7) A sequence of functions f,(2, y) satisfying conditions (18.1)-(18.4) is said 
to converge in variation to the function f,(x, y) on [a, b; c, d|—briefly, f, — v > fy 
on [a, b; ¢, d]. 

(18.8) A sequence of functions f,(z, y) satisfying conditions (18.1)-(18.3), (18.5) 
is said to converge strongly in variation to the function f,(2, y) on {a, b; c, d] 
briefly, f, — sv — f, on [a, b; ¢, d]. 

(18.9) A sequence of functions f,(x, y) satisfying conditions (18.1)-(18.3), (18.6) 
is said to converge in area to the function f,(2, y) on [a, b; c, d|—briefly, f, —a—-fy 
on [a, b; ¢, d]. 





st 
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Since, from I, (17.7), it is clear that 
| TAS.) — T(fo) | < Tf. — fr), Tf.) — T(fo) | < TAS. — hr); 


it follows that f, — sv — f, on [a, b; c, d] implies that f, — v — f, on [a, b; ¢, d]. 
From I, (17.4)-(17.6), it follows that if f, converges in variation, strongly in 
variation, or in area, to f, on [a, b; c, d] it does likewise on any subinterval of 
la, b; c, d|. Moreover, if f,(x, y) (n = 0, 1, 2, ---) are BVT on [a, b; c, dj, then 
(see I, (17.1)) 


TAI. — J) => p(x, y) — polx, y) | dx dy, 


V 
e 
Sie, 
— 


IV 


TAI. — So) [ | g.(x, y) — Qo(x, y) | dx dy. 


From elementary inequalities, we derive the 


Corouiary. If f, — sv — fy on [a, b; ¢, d], then 


b d 1 
lim [ / [{p.(x, y) — polx, wy}? + fa.(x, y) — go(x, y)}7]' dx dy = 0. 


19. Generalizing the results of Adams and Lewy cited in I, §3, we prove (see 
III, §§4-6) the 


THEOREM. 


(19.1) If f, — a— f, on [a, b; c, d], then (see I, §14) S,(f,,) and S,(f,) converge to 
S.(fo) and S,( fo) respectively. 

(19.2) If f, — a— fy, on [a, b; c, dl, then f, — v — fy on [a, b; c, d]. 

(19.3) Iff, — a—f, on [a, b; c, d], then it does not generally follow that f,, — sv — fy 
on [a, b; c, d], but one has (see I, §§12, 13) 


lim [ Vy, fn — fo) dy = 0, lim [ V (x, fn — fo) dx = O. 


E(u.fo) E(zr.fo) 


Thus (see I, §§12, 13), of f, — a — fy on [a, b; c, d] and if f(x, y) is ACT on 
la, b; c, d], then f, — sv — f, on fa, b; ¢, d]. 

(19.4) If f, — sv — f, on [a, b; c, d] and if f,(x, y) is ACT on [a, b; c, d] for n = 
1, 2, --- , then fo(x, y) is also ACT on [a, b; c, d] (see I, §20). 


We give a direct proof of the last statement in I, (19.3) in III, §6. A stronger 
statement than I, (19.4) is actually true (see I, §20; ef. I, §8). 
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20. In order that the reader may better understand some of the implications 
of this theorem, we pause to review some of the results in the literature. McShane 
[4; Theorem V] showed that if f, — a — fy on [a, b; ¢, d], then [(p, — po)? + 
(dn — 4) ] converges to zero in measure on [a, b; c, d] (see II, §16). Radé and 
Reichelderfer [11] improved this result by showing that, if f, — a — fy on [a, ; 
c, d|, then 


b d 
(20.1) lim | f (pce, — pole, WI? + Ladle, w) — avle, DID? ae dy = 0 


for every exponent A satisfying 0 < \ < 1. Now McShane [4; Theorem VI] has 
shown that if a sequence of functions f,(x, y) (n = 0,1, 2, - - -) satisfies conditions 
I, (18.1)-(18.3) and if, moreover, each f,(2, y) is ACT on [a, b; c, d] for n = 1, 2, 
+++ , then 


ab d , 
lim inf [ [{ pn — po}? + fqn — qo}*]’ dx dy 
> fo) — | [ [polx, y)? + q(x, y)? + 1)’ dx dy. 


From the facts stated in I, §17, it follows that the sign of equality cannot hold 
in (20.1) for the exponent A = 1 unless f,(x, y) is ACT on [a, b; ¢, d]. (19.4) follows 
at once from the corollary in I, §18 and from this fact. (19.3) and (19.4) thus 
imply the fact that if f, — a — f, on [a, b; c, d] and if an infinite subsequence of 
the f,,(x, y) are ACT on [a, b; c, d], then a necessary and sufficient condition that 
f, — sv — fy, on fa, b; ¢, d] is that f,(v, y) be ACT on [a, b; c, d] (ef. I, §10). 


21. Turning now to the case of parametric representations of continuous sur- 
faces, we confront the problems already mentioned in I, §11. Since there is no 
general agreement on the notions for the area of a surface given in parametric 
representation, or for bounded variation and absolute continuity of a representa- 
tion for that surface, we may be justified in stating what we regard as a useful 
principle for the purpose of directing work in this field. 

Consider a continuous surface given in parametric representation 


x= 2(u, v), y = y(u, v), 2 = 2(u, v) 


(ax<u<B,y <u < 4). 


For brevity, we use triple notation, and write these equations in the form 


r = r(u, v), (u,v) é€Q 
(21.1) 
(r(u, v) = (x(a, v), yu, v), 2(u, v)); (u,v) € Y = fa, B; y, 4). 
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Make the following assumptions. 


(21.2) Some definition is given for the area of the surface represented by equa- 
tions (21.1); denote this area by @(r) (for examples, see [8]). 
(21.3) For each of the pairs of functions 


(y(u, v), z(u, v)), (z(u, v), x(u, v)), (a(u, v), yu, v)) ((u, v) € 3) 


some definition is given for Jacobians §(x; u, v), J(y; u,v), J(z; u, v), respectively 
(for examples, see [8], [12]). Then the representation (21.1) is said to be absolutely 
continuous @J provided 


(21.4) each of the Jacobians J(x; u, v), §(y; u, v), J(z; u, v) exists almost every- 
where and is summable on 9; 


(21.5) a(r) = I [g(v; u, v) + ly; u, v)? + 9(z; u, v)?]' du dv. 
¥ 


The reader will find, if he applies the analogous principle for continuous curves, 
using the usual definition of length and the ordinary derivatives of the represent- 
ing functions, that he obtains a criterion for an absolutely continuous representa- 
tion of a continuous curve which is equivalent to the usual definition (see I, §6). 
We now present a few results for parametric representations of continuous 
surfaces. First, we agree on an area and a Jacobian. 


22. We shall use the Lebesgue area of the surface given by the equations J, 
(21.1), which may be described as follows. (This is not the original definition 
for the Lebesgue area of a continuous surface [8], [10], but it is an equivalent 
definition.) First, let us assume that each of the functions x(u, v), y(u, v), z(u, v) 
is quasi-linear on 3 (see I, §15); then the surface represented by I, (21.1) is 
termed a polyhedron. Consider any subdivision of {J into non-overlapping tri- 
angles on each of which each of the functions x(u, v), y(u, v), 2(v, v) is linear in 
both uw and v. The image of any triangle in this subdivision is a (possibly 
degenerate) triangle. The sum of the areas of the images of these triangles is 
the elementary area a(r) of the polyhedron; it is independent of the particular 
subdivision of & chosen. 


23. Now let the equations I, (21.1) represent a general continuous surface. 
Assume that 


r,(u, v) = (x,(u, v), y,(u, v), z,(u, v)) ((u, v) e ¥:n = 1,2, 3, ---) 


is a sequence of triples of quasi-linear functions for which x,(u, v), y,(u, v), 
z,(u, v) converge uniformly on 9 to x(u, v), y(u, v), z(u, v), respectively. Then 


\ 


lim inf a(r,,) is an upper bound for the Lebesgue area A(r) of the surface given 
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by I, (21.1), and A(r) is the greatest lower bound of all the upper bounds obtained 
in this way. If the functions 2(u, v), y(u, v), z(u, v) are quasi-linear on (J, then 
A(r) = a(r). Let 


r, (u,v) = (x,(u, v), yn(u, v), z,(u, v)) ((u, v) €e $32 = 1, 2, 3, ---) 
be a sequence of triples of continuous functions such that 
1 


(23.1) the functions z,(u, v), y,(u, v), 2,(u, v) converge uniformly on 9% to x(u, v), 
y(u, v), z(u, v), respectively. 


Then it is true that lim inf A(r,) > A(r). 


24. We shall use the ordinary Jacobians, defined by 


J(x; u,v) = Ay, z)/d(u, v), J(y; u,v) = A(z, x)/d(u, v), 
J(z; u,v) = A(x, y)/d(u, v), 
wherever the derivatives involved exist. If these Jacobians exist almost every- 


where on the interior of $ and if the area A(r) is finite, then Rado [7] has proved 
that these Jacobians are summable on 3, and 


A(r) > | [(J(a; u, vy + Jy; u, v)’ + J (2; u, v)?}' du dv. 
“s 


Furthermore, a necessary and sufficient condition that the sign of equality hold 
in this inequality—that is, that r(u, v) be absolutely continuous AJ (see I, §21)- 
is that there exist a sequence of triples r,,(u, v) of continuous functions satisfying 
condition I, (23.1) for which 


lim sup A(r,) < I/ [J(x; u,v) + Jy; u, v) + SJ (z; u, v)*}’ du dv. 
“ 


25. Here is our main result for parametric representations of surfaces (see ITI, 
$§14, 15). 


THEOREM. Consider a triple of continuous functions 
(25.1) r(u, v) = (x(u, v), y(u, v), z(u, v)) ((u, v) € 3 = [a, B; y, 4]) 


for which 

(25.2) each of the Jacobians J (x; u,v), J(y; u,v), J(z; u, v) exists almost everywhere 
in the interior of 3 and 

(25.3) the area A(x) is finite. 
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Let 


(25.4) r,(u, v) = (x,(u, v), y,(u, v), z,(u, v)) ((u, v) e I;n = 1, 2,3, ---) 
be any sequence of continuous triples for which 

(25.5) the functions x,(u, v), y,(u, v), z,(u, v) converge uniformly on & to x(u, v), 
y(u, v), 2(u, v), respectively; 


(25.6) each of the triples r,,(u, v), n = 1, 2, «++ , is absolutely continuous AJ; 
(25.7) the area A(r,,) converges to 


I [J(x; u, v)? + J(y; u, v)? + J(z; u, v)* |’ dude. 
3 


Then 


lim I | J(x,; u, v) | dudv 
3 


I | J(x; u, v) | dudo, 
3 


(25.8) lim [| | J(yn; u, v) | dudv = I/ | J(y; u, v) | du dv, 
‘3 9 


lim I | J(z,; u, v) | dudv [| | J(z; u, v) | dudbv. 
3 "9 


From this theorem follow two important corollaries (see I, §§26, 27 and III, 


§§16, 17). 


26. Corotiary. [f the triple r(u, v) is absolutely continuous AJ, then each of 
the triples 


(26.1) ax-r(u, v) = (0, y(u, v), z(u, v)), y-r(u, v) = (x(u, v), 0, z(u, v)), 
2-r(u, v) = (a(u, v), y(u, v), 0) ((u, v) € YX) 


is algo absolutely continuous AJ. (See the remark at the end of §5 for the notation.) 


Geometrically, this corollary states that if a parametric representation for a 
continuous surface is absolutely continuous AJ, then the corresponding repre- 
sentation for the projection of that surface on any one of the coordinate planes 
is absolutely continuous AJ. (In fact, by further considerations of a geometrical 
nature, one may show that the corresponding representation for the projection 
of this surface on any plane is absolutely continuous.) This result has an 
analogue for continuous curves, which the reader may formulate. 
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27. The pairs of equations 


(y = y(u, v), (z = z(u,v), (x = x(u, v), 
(27.1) 4 } (u,v) eS 
lz = 2(u, v), (2 = x(u, v), ly = y(u, v), 


may be regarded as defining continuous transformations from the interval 93 to 
the yz-, zx-, xy-planes respectively. The absolute continuity of the type guar- 
anteed by the preceding corollary tells us nothing as to what sort of transforma- 
tion formulas, if any, we may expect for these transformations. It is interesting, 
and important for applications, to observe that we have another 


Corotiary. If the triple r(u, v) is absolutely continuous AJ, then each of the 
three transformations given by (27.1) is absolutely continuous in another sense 
it belongs to the class K; . 


This class A; has been defined and studied by the authors [12; $1.37]. (For 
simplicity, we have modified the notation slightly; in our earlier paper, this class 
is denoted by K,(3"), where 3° is the set of interior points of 3.) In order to 
define this class, we would be forced to review a great number of definitions and 
results which are extraneous to the present question. We choose, therefore, to 
describe this class A, by stating some of its important properties, referring the 
reader to our earlier paper cited above for details. 


28. If x(u, v), y(u, v) are any pair of real-valued functions, each defined and 
continuous on an interval 3 = |[a, 8; y, 4], then the relations 


(28.1) x = 2x(u, v), y = y(u, v) ((u, v) € 3) 


define a continuous transformation 7’ from the interval 3 to a bounded portion 
of the zy-plane. (We do not mean to insist that the transformations T' in the 
class K, must be defined from the w-plane to the xy-plane; rather, we consider 
K, as the class of all flat continuous transformations which transform the interval 
‘} into a portion of some plane in a certain way [12].) A necessary condition 
that 7’ be in the class K, is that the ordinary Jacobian J(u, v) = A(x, y)/A(u, v) 
exist almost everywhere on the interior of 3 and be summable. If the functions 
x(u, v), y(u, v) have continuous partial derivatives of the first order in the interior 
of ¥, together with a summable Jacobian, then 7 is in the class A, . If the fune- 
tions x(u, v), y(u, v) both satisfy a Lipschitz condition in u and v, then the 
transformation 7’ is in the class A, . Thus the class A, contains many of the 
transformations which are of importance in the applications. Furthermore, for 
this class K,, we have the following 


(‘LosurE THEOREM. Let 
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be continuous transformations with the following properties: the ordinary Jacobian 
J(u, v) = A(x, y)/d(u, v) exists almost everywhere in the interior of ¥ and is sum- 
mable ; each of the transformations T.,, belongs to the class K, for n = 1, 2,3, «++ ; 
the functions x,(u, v), y,(u, v) converge uniformly on % to x(u, v), y(u, v), respectively; 
for every interval A contained in &, it is true that 


wu 


lim I| Sie. bi duteu I J(u, 9 | dude, 


4 4 


where the J,(u,v) are the Jacobians for the transformations T,, (n = 1, 2,3, +++ 
Then T is also in the class K; . 


This theorem is not quite the one given in [12; $1.41], the last condition of 
that theorem having been replaced by a weaker one. However, this theorem 
follows at once by a trivial modification of the proof given by Radé and Reichel- 
derfer. 

The importance of this class K, lies in the fact. that, for transformations in it, 
transformation formulas of great generality are valid. For example [12; §1.34], 
suppose that 7’ is any transformation in the class K, which transforms the 
boundary of the interval 3 into a set of measure zero in the xy-plane. Denote 
by u(x, y) the topological index of the point (x, y) with respect to the image of 
the boundary of &, provided this point is not on the image of the boundary of 9; 
otherwise, put u(x, y) = 0. Then if H(x, y) is any measurable function in the 
xy-plane, we have 


. »+ a+ 


I H(x(u, v), yu, v)) J(u, v) dudv = | | H(x, y) w(x, y) dx dy, 
3 ; 


. 


as soon as the integral on the left exists. 


CHAPTER II 


General Lemmas 


The lemmas in this chapter are stated in a form convenient for our purposes. 
Both the statements of these lemmas and their proofs permit substantial 
generalization. 


1. Let 3 be a (closed) interval in Euclidean n-space 
. x . . 1 
in Euclidean n-space whose coordinates u = (u', -- 
1 


. 1 
forma’ < u' < B'. - 


that is, a set of points 
-, u") satisfy relations of the 
--,a" <u" < B", where a’, B', --- , a", B” are real numbers 
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satisfying a’ < 6’, --- ,a" < 8". Let 6, A denote generic intervals contained in 
¥ 


%. By a subdivision D(A) of an interval A contained in 3, we mean a finite 
system of intervals 6 satisfying (see I, end of §13), 


= > 8 |al= Dd ls 


6eD (A) 6eD (A) 


The maximum of the diameters of the intervals 6 « D(A) is denoted by || D(A) 


2. By an interval function ¢(A), we mean a law which assigns to every interval 
A contained in 3 a unique, finite, real number. If (A) is a non-negative number 
for every interval A contained in 3, then ¢(A) is said to be a non-negative interval 
function. For a subdivision D(A), we define 


g(D(d)) = 2 968). 
«D(4) 
(More generally, if F(A) is any finite system of non-overlapping intervals 6 
contained in A, we put 


o(E(A)) = 2D o(8).) 


6eE(A) 


An interval function ¢(A) is said to increase (decrease) by subdivision if, for 
every interval A contained in 3 and for every subdivision D(A), it is true that 
o(A) < ¢(D(A)) (@(A) > o(D(A))). If an interval function both increases and 


decreases by subdivision, it is said to be additive. 


3. Let @(A) be any interval function. If A be any interval contained in Q, 
define 


U(A, @) = Lu.b. ¢(D(A)) 


for all subdivisions D(A). If U(A, ¢) is finite for every interval A contained in 
%, we say that @(A) has a U-function. Then U(A, @) is an interval function, 
which decreases by subdivision. However, if (A) increases by subdivision, then 
U(A, ¢) is additive. 


4. If (A), ¥(A) be any pair of interval functions, we define a non-negative 
interval function w(A) by the relation 

w(A) = [¢(A)’ + ¥(A)’]’ (AC 3). 

If both ¢(A) and ¥(A) are non-negative and increase by subdivision, then clearly 


w(A) increases by subdivision. If both ¢@(A) and (A) are non-negative and have 
U-functions, then w(A) has a U-function. 
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5. Lemma. Let ¢,(4), ¥,(A) (n = 0, 1, 2, ---) be a sequence of pairs of interval 
functions satisfying the following conditions. 


(5.1) The interval functions $,(4) and y,(4) are non-negative for n = 0,1, 2,---. 


(5.2) lim inf ¢,(4) > @(A), lim inf ¥,,(A) > Wo(A), (AC 3). 
Then 
(5.3) lim inf w,(4) > we(A) at a 


(5.4) lim inf U(A,¢,) > U(A, >); lim inf U(A, y,) > U(A,e%) (AC 3); 
(5.5) lim inf U(A, w,) > U(A, wo) (AC 3). 


Proof. From II, (5.1), (5.2) and the definition of w,(A), relation IT, (5.3) 
follows immediately. If D(A) be any subdivision, then 


lim inf U(A, ¢,) > lim inf ¢,(D(A)) > ¢@(D(A)); 


consequently, lim inf U(A, ¢,) > U(A, ¢), and the first inequality in IT, (5.4) 
is verified. The remaining inequalities follow by similar reasonings. 


6. Lemma. Let @,(4), ¥,(4) (n = 0, 1, 2, ---) be a sequence of pairs of interval 
functions satisfying II, (5.1), (5.2) and the following conditions. 


(6.1) The interval functions $,(A) and y,,(A) increase by subdivision for n = 0, 1, 
Dat’ 
(6.2) The interval functions $,(A) and y,,(A) have U-functions for n = 0,1, 2, -->. 


(6.3) lim U(&, w,) = U(&, ew). 
Then 
(6.4) lim U(A, w,) = U(A, wo) (AC 9). 


Proof. lf A, be any interval in Q, it is clear that there exists a subdivision 
D(&) for which Ay is an element (see II, §1). From IT, (5.1), (6.1), (6.2), it 
follows that U(A, w,,) is additive for n = 0, 1, 2, --- (see II, §§3, 4). Thus, from 
IT, (6.3), (5.5) follows 


U(a, w) = lim U(9, w.) = lim sup U(D(Q), w,) 
> lim sup U(A, , w,) + lim inf U(D(9) — Ay , @,) 
> lim inf U(A, , w,) + lim inf U(D(Q) — Ap , @,) 
> U(D(3), wo) = U(S, wo). 


Hence the sign of equality holds throughout; in particular, 


lim sup U(A, , w,) = lim inf U(Ay , w,) = U(Ao , wo). 
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7. Lemma. Let @¢,(A), ¥,(A) (n = 0, 1, 2, ---) be a sequence of pairs of interval 
functions satisfying II, (5.1), (5.2), (6.1)-(6.3). Then 


(7.1) lim U(S, ¢,) = U(S, oo), lim U(3, ¥.) = U(S, bo). 


Proof. If Ais any interval contained in & and if D(A) is any subdivision, then 
(see IT, §§2-4) 


I6.(D(A)) + ¥.(A)'} < [6.(D(A))? + ¥(D(A)YT < @,(D(A)) < UL, @,). 
Since this inequality holds for every choice of D(A), it follows that 
U(A, ¢.) < U(A, @,)° — (A) (AC &). 
From II, (6.4), (5.2) follows 
‘lim sup U(A, ¢,)}° < U(A, a)’ — wo(A)Y’ = UA, wy’ — wo(AY + bo(AY 


(AC %). 


Since w(A) < U(A, w), one concludes that 
lim sup U(A, @,) < 2' U(A, w»)" {U(A, wo) — wy (A)} + d(4) (AC §). 


Now let D(&) be any subdivision. Using this inequality, the additivity of the 
U-function, and the lemma of Schwarz, one obtains 


lim sup U(Q, ¢,) lim sup U(D(&), ¢,.) 
< 2' U(3, w)'{U(S, wo) — w(D())}' + UB, oy). 


Since the first term in the right member of this inequality is arbitrarily small for 
the proper choice of D(Q), it follows that 


lim sup U(&, ¢,) < U(Q, op). 
This relation, together with II, (5.4), implies the first relation in IT, (7.1); the 
second relation follows similarly. 
8. Corotitary. Let ¢,(A), ¥,(4), x,(4) (n = 0, 1, 2, ---) be a sequence of 
triples of interval functions. Set 
(A) = [y,.(AY + xn(A)], u,(A) = [x,(A)’ + ¢,(A)], 


v,(A) = [6,(A) + ¥,(A)], 


II 


w,(A) = [6,.(A)? + d,(A)] = [va(d)? + w.(A)]’ = [x.(4)? + ».(d)]' 


[o, (A) + w,(A)? + x,(A)] (AC X;n = 0, 1,2, ---). 
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Assume that the following conditions are satisfied. 


(8.1) The interval functions $,(A), ¥,(A), x,(A) are non-negative for n = 0, 1, 
ee 


lim inf @,(A) > @(A), lim inf y,(A) > YA), 
(8.2) is - _ . (A = J). 
lim inf x,(4) > xo(A) 


(8.3) The interval functions ,(A), (A), x,(A) increase by subdivision for 
n=Q0,1,2,---. 


(8.4) The interval functions @,(A), ¥,(A), x,.(4) have U-functions for n = 0, 1, 2, 


= U, &, 


(8.5) lim U(3, w,) = U(3, wo). 
Then 
lim U(3, ¢,) = U(Q, oo), lim U(S, ¥.) = UA, wo), 
(8.6) 
lim U(3, x.) = U(S, x0); 
- lim U(3, A,.) = U(S, Ao), lim U(3, wu.) = U(S, wo) 
ia lim U(Q, ».) = U(3, »). 
Proof. Observe that the pairs 
\p,.(A), A,(A)], [vn(A), u,(A)], [xn(A), v,(A)] (n = 0, 1, 2, ---) 


satisfy the conditions of the preceding lemma, and apply it. 
In view of the lemma in II, §6, it is clear that the hypotheses of this corollary 


are also satisfied on any subinterval of {; thus relations (8.6) and (8.7) are valid 
on every subinterval of .. 


. In the sequel the following notation will be convenient. If ry = (XY, Y, Z), 
u = (U, V, W) are two triples, then set 


ril|=(X°+¥°+Z}, rtu=(X42U,Y4V,Z+ W), 


rxu= (YW — ZV,ZU — XW, XV — YU), ru= XU + YV + ZW. 
10. Lemma. Let r(u) = (X(u), ¥(u), Z(u)) be a triple of real-valued functions 
defined and summable on the interval A (see IT, §1). 


For any interval 6 contained 
in A, define 


o(6) = | X(n) du, ¥(6) = Y(u) du, 


wa) « Hu) du, a8) = [9(8)” + (8)? + x(8)?)’. 
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If D,(4) be any sequence of subdivisions for which || D,(A) || converges to zero, 
then it is true that (see II, §§2, 3) 


> 


(10.1) lim w(D,(A)) = r(u) || du. 


ny 


4 


(10.2) U(A, w) = | r(u) || du. 


4 


Proof. If D(A) be any subdivision, it follows by a known inequality [3; VI] 
that 


w(D(A)) < | r(u) || du. 


4 


Thus relation (10.2) will be established as soon as statement (10.1) is proved. 
In the special case when each of the functions X(u), Y(u), Z(u) is a step-function 
-that is, is constant on the interior of each interval of some subdivision of A 
the reader will verify (10.1). Consider the general case. Given a positive number 
e, there exists a triple of step-functions u(u) = (U(u), V(u), W(«)) defined on 

A such that 


(10.3) [ | r(u) — u(u) || du < e«. 


4 


Denote by 6(6) the interval function defined in terms of U(w), V(u), W(u) which 
corresponds to the function w(6). Clearly 


| 


(10.4) | 1(w) du — | u(u) || du 


ny 


i< | r(u) — u(u) || du < e«. 


4 4 4 





For any interval 6 contained in A, it follows that 


| w(8) — (8) | < e(u) — u(u) Il du: 


d 


6 


hence, from inequality (10.3), one obtains 


(10.5) w(D,(A)) — @(D,(A)) | < | r(u) — u(u) || du < e. 


4 





ich 
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Inequalities (10.4) and (10.5), together with the fact that (10.1) is verified for 
the triple u(w), imply that 


| r(u) |! du — 2e < lim inf w(D,(A)) 


4 


lA 


lim sup w(D,(A)) < | r(u) || + 2e. 


ny 


4 


Since ¢ is an arbitrary positive number, relation (10.1) is verified. 


11. Lemma. Let E be any measurable set in n-dimensional Euclidean space. If 
r(u) = (X(u), Y(u), Z(u)), u(u) = (U(u), V(u), Wa)) (ue E) 


be two triples of real-valued functions defined and measurable on E then (see IT, §9) 


(/ r(u) X& uw) an) < (/ r(x) | u(w) || du ) 
— (| r( 2) - u(r) au) 


(11.1) 


as soon as the integrals involved exist. 
Proof. From the identity 
( || x(u) |] |] wre) {| )? = || r(u) & ule) |)? + (r(u)-u(u)y (ue E) 


there follows by integration and a known inequality [3; VI] 


[ |! x(u) u(u) || du = | f r(u) X u(w) |)? + (r(u)-u(u))?}! du 


k 


> ) (/ r(u) X uw) au) + (| r( 2) -u( 22) au) }, 


whence (11.1) follows. 


12. Corouuary. For u(u) = a = constant, relation I, (11.1) becomes 


(| r(u) X a an) < {| a ||? (/ r(u) au) 
(12.1) - “ 
a («-| r(%) au). 


E 
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13. CoroLuary. Assume that! E | > 0, and choos 


(13.1) a= ( | ele | X(u) du, | E {7 | ¥(u) du, a ie | Z(u) an). 


E E bk 


Then IT, (12.1) becomes 


(| | xr(u) Xa au) 
< a |l? { (| r(1) au) -— | 8 tle 


E 


(13.2) 


14. Corotitary. Jf r(u) = (X(u), Y(u), 1), u € EF, and a is defined by VU, 
(13.1), then from II (13.2) follows 


(/ r(u) — a an) < (| r(u) Xa au) 


E 
(14.1) 
< fia !|?4 (| r(u) au) — iE a 
E 
or 
| r(u) — a du < 2° a (| r( a) au) 
J 
(14.2) 
x r(w) || du — lalidu 
ste 
KE al} = | aiidu< r(u) |} du. 
E E 


15. The reader will observe that the corollary in II, §14 contains all that w« 
shall need for our second proof of strong convergence for non-parametric repre- 
sentations of surfaces (see III, §§6-13). Its usefulness lies in the fact that, for 
vectors having the special form given in II, §14, we have an estimate for the 
difference || r(u) — a ||, given in IT, (14.1), (14.2). 

Furthermore, the corollary in IT, §14 contains as a special case the fundamental! 
inequality used by Adams and Lewy in proving their result on strong convergence 
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for curves (see I, §§1-3). Using the notation of I, §1, we may state their inequality 
as follows. If f(x) is any function of bounded variation on [a, b], then 


[LPP — (b — afl + m’) > [TUS — ma) /( + m’), 
m = |f(b) — f(a], (b — a). 


Now if f(x) be absolutely continuous on [a, 6], then (15.1) becomes (see I, §6) 


b 2 
| {f(xy + 1h? as | — (b — a)*(1 + m’) 


a 


(15.2) 
> | f'(x) — m as | /(1 + m’), mn = | f'(x) dx/(b — a). 


Put EF = [a, b],a = (0, m, 1), r = (0, f’, 1) in HT, (14.1), and (15.2) results. In- 
equality (15.1) follows at once from (15.2) by approximating f(x) on [a, 6] by a 
sequence of absolutely continuous functions, say inscribed polygons, which 
converge in length to f(x) on [a, b], see [2]. 


16. The lemmas in the sequel are not new, but since we are aware of no con- 
venient reference, we present them for the convenience of the reader. 


(16.1) Let £ be a measurable subset of Euclidean n-space, having finite measure. 
(16.2) Let Y,(u) (n = 1, 2, ---) be a sequence of real-valued functions, each 
defined and measurable on E. 

The following notation will be convenient for the sequel. Given a positive 
number ¢e, denote by e,(+€), e,(—«), the set of those points contained in E for 
which Y,(uw) > + €, Y,(u) < — e respectively. Set 


E,(+ 0 = } e(+ 6, E,(-— ©) = > e,(— ©), 


mon 


e,(e) = ¢,(+6 + e,(-—). 


Observe that each of these sets is measurable. The sequence Y,,(u) is said to 
converge to zero in measure on E—briefly, Y, — m — 0 on E—provided, for 
every positive number e, it is true that the measures of the sets e,(€) converge to 
zero. A sequence of real-valued functions X,,(u), defined and measurable on the 
set #, is said to converge in measure to the real-valued, measurable function 
X,(u) on E—briefly, X,, — m — X, on E—provided (X,, — X,) — m0 on E. 


17. Lemma. Let Y,(u) (n = 1, 2, ---) and E satisfy 11, (16.1), (16.2) and 
(17.1) lim inf Y,(u) > 0 almost everywhere on E. 
Then 


(17.2) lim | £,(—e) | = Ofore > 0. 
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Proof. This follows immediately from the facts that F,,(—¢€) D E,,..,(—6) 
and I] E,,(—«) is a set of measure zero. 
Coro.tuary. If condition (17.1) is replaced by 
(17.3) lim sup Y,(w) < 0 almost everywhere on E, 
then 
(17.4) lim | E,(+e€) | = Ofore > O. 
These results imply, in particular, the 


Coroutuary. /f lim Y,(u) = 0 almost everywhere on E, then Y, — m— Oon E. 


18. The converse of the preceding corollary is generally false, but we have the 
following 


Lemma. Let Y,(u) (n = 1, 2, ---) and E satisfy 11, (16.1), (16.2) and 
(18.1) Y¥, —-m—OonE. 


Then there exists a subsequence of functions Y ,,,(u) and a sequence of sets EF, satisfy- 
ing the following conditions. 


(18.2) Ey D Exas, lim | 2, | = 0. 
(18.3) | Y,,(u)| < k" forue E — E,. 
(18.4) lim Y,,(u) = 0 almost everywhere on E. 


Proof. If | E | = 0, the lemma is trivial; assume | EF | > 0. Statement (18.4) 
follows at once from (18.2) and (18.3); the latter may be proved by the diagonal 
process. First, it follows from condition (18.1) (see II, §16) that there exists 
a subsequence of functions Y,;(u), and a sequence of sets e,; contained in E for 
which 


Y,;(u) | <3 - ue KE — C1j5 | 1; ge ei. a 


Set E, = > e,;. Then | BE, | < | E |-2™', and clearly Y,; — m—> OonE£, . 
Repeating the above argument for the sequence of functions Y,;(u) and the set 
E, , we obtain a subsequence of functions Y,;(u) and a sequence of sets e,; con- 
tained in E£, for which 


| Yo(e)| <7", ueE — @s;, ai ¢< ik i-9°~. 


Set E, = }> e&; . Then | E, | < | EB, |-2°' < | E |-2°*. Proceed in this 
fashion, and choose Y,,(u) to be the function Y,,(u) defined in the k-th step. 
The reader will verify that these functions Y,,(u), together with the sets EF, 
defined in this process, satisfy conditions (18.2) and (18.3). 
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19. Lemma. Let Y,(u) (n = 1, 2, ---) and E satisfy I, (16.1), (16.2), (17.1) 


and 


(19.1) each of the functions Y,(u) (n = 1, 2, ---) ts summable on E; 


(19.2) ¢f e be any measurable subset of E, then lim | Y.(u) = O. 


e 


Then 
(19.3) Y, —-m—Oon E. 


Proof. Using the notation of II, §16, we clearly have, for n > m, «> 0,7 > 0, 


Y,(u) du = Y,(u) du + Y,(u) du 


E Em r en(+e)—-Em 


ie + Y,(« du 


> Y,(u)dut+e!\e(+e)!—e! E(-—7!|—7!/ EF 


Em 


From condition (19.2), it follows that, for m fixed, « > 0, 7 > 0, 


y- a 
lim sup | e,(+¢)| < +| E\-e€' + | E,(—r) |. 
From the lemma in II, §17 and the fact that 7 is an arbitrary positive number, 
we obtain 
(19.4) lim | e,(+e) | = 0 (e > 0). 
4) From the lemma in IT, §17, it follows at once that 
nal - : 
- (19.5) lim | e,(—e) | = 0 (e > 0). 
for Relations (19.4) and (19.5) imply the statement in (19.3) (see II, $16). 
20. Lemma. Let there be given 
(20.1) a measurable subset E of Euclidean n-space, having finite measure; 
Ey (20.2) a sequence of real-valued functions X,(u) (n = 0, 1, 2, --+), defined on E. 
set 
‘iti Assume that the following conditions are satisfied. 
(20.3) Each of the functions X,(u) for n = 0,1, 2, «++ is measurable and summable 
on FE. 
(20.4) Each of the functions X,,(u) for n = 1, 2, --- ts non-negative on E. 
this (20.5) lim inf X,(«) > X,(u) almost everywhere on E. 
tep - —_ ~~ 
FB (20.6) lim sup X,(u du < X,(u) du. 
5 4i d a 


E E 
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Then 


(20.7) if e be a measurable subset of E, it is true that lim | X,(u)du = X, (udu; 


e e 


(20.8) there exists a subsequence of functions X,,,(u) such that lim X,,,(u) = Xo(u) 
almost everywhere on E. 

Proof. From the lemma of Fatou [13; IJ, it follows that, for any measurable 
subset e of E, 


lim inf / X,(u) du > | {lim inf X,(u)} du > / X,(u) du. 
Thus, using condition (20.6), we have 


X,(u) du > lim sup [ x.w du 
E 


E 


> lim sup [ X,(u) du + lim inf [ X,(u) du 
; ass 

> lim inf / X,(u) du + lim inf / X,(u) du 
e E-e 

> 


| X,(u) du + / X,(u) du = [ Xow du. 
e E-e E 


Since the sign of equality must hold throughout, statement (20.7) is verified. 
It is now clear that the functions 


Y,(u) = X,(u) — Xo(u) (n = 1, 2,3, ---) 


satisfy the hypotheses of the lemma in IT, §19, and thus assertion (20.8) follows 
at once from the lemma in IT, §18. 


21. Lemma. Let Y,(u) (n = 1, 2, ---) and E satisfy U1, (16.1), (16.2), (18.1) 
and let there be given a sequence of real-valued functions Z,(u) (n = 0, 1, 2, ---) 
each defined, non-negative, measurable, and summable on E, for which the following 
conditions are satisfied. 


(21.1) | Y,(u) | < Z,(u) (n = 1, 2, ---) almost everywhere on E. 


(21.2) On any measurable subset e of E, lim sup / Z,(u)du < [ Z,(u)du. 


e e 
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Then 
(21.3) lim | | Y.(u) | du = 0. 
E 


Proof. Condition (21.1) implies that the Y,(u) (n = 1, 2, ---) are summable. 
The hypotheses of the lemma in II, §18 being satisfied, its conclusions follow; 
using the notations of that lemma, and condition (21.1) we find for m > k, 


| | Y,.(u) | du = i + [ Y,,.(u)!du<|E\-m* + [ Z..(w du. 
r E-E;: F. E, 
In view of condition (21.2), we have, for fixed k, 
lim sup [ Y,,.(u) du < Zo(u) du. 
r Bs 


From II, (18.2) and the absolute continuity of the integral, it follows that 
lim [ Y...(u) | du = 0. 
Eg 


But since any infinite subsequence of the functions Y,(u) (n = 1, 2, ---) satisfies 
the same hypotheses as the sequence Y (uw) (n = 1, 2, ---), relation (21.3) follows. 


CHAPTER III 


Proofs 


1. First, we prove the theorem stated in I, §8. Using the notation introduced 
in stating that theorem, we define, for any interval A = [u’, u’’] contained in 
& = [a, b], and for n = 0, 1, 2, --- , 


(A) = | z,(u’) — 2,(u”) |, ¥.(A) = | y,(u’) — y,(w”) |, 
(1.1) . 
. xn(A) = |z,(u’) — z,(w”) |. 
From the definitions of total variation, length, and U-function (see IT, §3), it 
is clear that (see I, §7 and IT, §8) 
U(3, ¢,) = T(zx,), U(3,¥.) = TYy,), Ul, x.) = Ten), 
U(3, An) ~— L(x-r,), U(S, Mn) = L(y-t..), 


U(3, vn) = L(z-tn), U(Y, w,) 


Il 
~ 
mo 
2 
w 


(n = 0, 1, 2, ---). 
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Using the hypothesis made in I, (8.1), (8.2), the reader will find that the interval 
functions in (1.1) satisfy the assumptions made for the corollary in II, §8._ In 
view of the above relations and the definitions in I, §7, the assertions in I, (8.1), 
(8.2) now follow from II, (8.6), (8.7). To establish I, (8.3), we give an example. 


Choose 3 = [0, 1] and define p,(u) for n = 1, 2, --- to be the continuous, piece- 
wise linear function satisfying p,(0) = 0; p,(1) = 1; p,(u) has slope 3/2 on 
intervals [(2k — 2)-2-", (2k — 1) 2-"] and slope 3 on intervals [(2k — 1) 2, 
(2k)2-"] for k = 1, --- , 2""". (These functions are similar to those defined in 


[1] for another purpose; the functions used by Adams and Clarkson would also 
serve here.) Define 


r,(u) = (p,(u), p.(u), p,(u)), Yo(u) = (u, u, w) (we 3). 
Clearly the p,(u) are absolutely continuous, converge uniformly on § to uw, and 


(see I, §6) 


L(t,) = 3 plu) | du = 3° (n = 1, 2, ---); 


L(t.) = 3°. 


Thus r, — 1/— x on S, but 


T(p,(u)—u) = pi(u)—1 du=2' (n=1,2,---). 


“0 


Therefore, r,, does not converge strongly in variation to r, on &. 


2. To verify I, (8.4), it suffices to prove a sharper result. In stating it, we 
use the notation of I, §1. 


Lemma. If a sequence of functions f,(x) (n = 0, 1, 2, ---) satisfies conditions 
I, (1.1)-(1.3), and if, moreover, each of the functions f,(x) is absolutely continuous 
on [a, b] for n = 1, 2, «++ , then a necessary condition that 


al 


lim | | (a) — fala) | de = 0 


is that f,(x) also be absolutely continuous on {a, b}. 

Proof. From I, (1.3), it follows that the derivatives f7(x) (n = 0, 1, 2, ---) 
exist almost everywhere on [a, 6] and are summable. From the following in- 
equality, valid almost everywhere on [a, 5], 

| fi(a) — fo(x) | > (f(a + 1 - [fea + UY, 
we obtain by integration and the fact that the f,(2) are absolutely continuous 
for n = 1, 2, --- (see I, §6) 


[ Si(x) — filx) | dx > Lf.) — [ [ fi(a)> + 1] dx. 


“a “6 
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Since lim inf L(f,,) > L(f,), it follows that 


ab ab : 
lim inf | | f(@) — fila) | dx > L(f) - | [fu(x)? + 1]! de. 
Now the right member of this inequality is greater than zero unless f,(2x) is 
absolutely continuous; thus the lemma is proved. 
Since we have 


ab 
Tf. — fo) = | |S) — fea) | de, 
it follows at once that if f,, — sv — f, on [a, b], then f,(x) is absolutely continuous 
on [a, 6]. The statement in I, (8.4) is now immediate (see I, (7.5)). 


3. Next, we prove the theorem stated in I, §10. Introduce parametric repre- 
sentations for the curves » = y,(z) (x € [a, b]; n = 0, 1, 2,---) as follows. Let 
3 denote the interval [a, b] on the u-axis, and set x = u, ue 3. Define 


r.(u) = (u, y,(u), z,(u)) (ue 3;n = O, 1, 2, ---). 


Clearly the statements ), — v > I, 0, — V’—>%,0, ~lLom,y, ~lLoy, 
z, — l— 2 on [a, b] are equivalent to the statements x, — v > % ,r, — SU > Xo, 
Yr, — lL %, 24, — lL eo, y-r, — 1 y-t%) on &, respectively. From I, (8.1), 
(8.2), (8.4), the statements in I, (10.1), (10.2), (10.4) follow at once. Since, by 
I, (10.1), the fact that y,, — /—> y on [a, b] implies that y, — 1— y and z, — l— 
2) on [a, 6], statement I, (10.3) is a consequence of the result of Adams and Lewy 
cited in I, (3.2). 


4. We turn to prove the theorem stated in I, §19. Using the notation intro- 


duced in stating that theorem, we define, for every interval A = [x’, x”; y’, y’"| 
contained in {} = [a, b; c, d], and for n = 0, 1, 2, --- (see II, §8), 

(8) = [| fa’, v) — fe”, w) | ay, 
(4.1). y,(A) = [ S.(a, y’) — f(x, y’”) | dx, 

x.(A) = (2’"’ — a’)(y’”’ — y’) = !Al. 


(These are the so-called expressions of Geoeze [5], [6].) Interval functions 
(A), wn(A), v,(A), w,(A) are defined as in II, §8; we want to verify that these 
interval functions satisfy the hypotheses of that corollary. Clearly condition 
II, (8.1) is satisfied. In view of I, (8.2), it follows that II, (8.2) is fulfilled; in 
fact, lim $,(4) = ¢ (A), lim ¥,(A) = yA), lim x,(A) = xo(A). Evidently the 
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interval functions in (4.1) satisfy II, (8.3); in fact, x,,(A) is additive. We assert 
that (see I, §§12-14) 


U(3, on) = T.(fn), U(3, vn) = Tifa); U(3, xe.) = | FI, 
U(3, An) = Sif); U(S, wn) = Si(fn) (n = 0, 1, 2. ---); 


II 
II 


(4.2) 


so that, in particular, condition II, (8.4) is fulfilled (see I, §§17, 18). The third 
relation in this set is obvious; the others may be established by a method which 
we now illustrate in proving the fourth relation in this set. For simplicity, we 
shall omit the subscript n. Since \(A) increases by subdivision, it is sufficient, 
in computing U(S, A), to consider only subdivisions of § (see II, $1) in which 
all the lines of subdivision extend from boundary to boundary in §. Such a 
subdivision D(S) may be specified by giving two linear subdivisions 


D({a, b]):a = ay < +++ Mace Sa, =); 
D([e, d]):¢ = yo Mss MY << ces SY =H. 


From elementary inequalities, we have (see I, §14) 


i=l j= \ tira 


MDB) = SEA | se, w-0 — se, w) [ae } 


+ 4 [ lyi-1 — yi | dy | <>] [{f(@, yi-s) — fz, ys} 


\VZi-s Zi-1 1=1 


+ tyia — wil" dz < [ LG, fae = 8,9). 
Thus (see II, §3) 
(4.3) U(3, A) < S,(f). 
To get the opposite inequality, we note that from II, §10 follows 


“Ps “es cn 
lm I [ | fx, yi-r) — fla, yi) | dxe + 4 [ lyi-r — y; | dx ] 


D([e,b])!-0 i=1 \V rina 


Zina 


7 ] (ffl, via) — Sle, wD A Ayia — ys}T ae. 


Hence, for all subdivisions D({c, d]), it is true that 


1 


bon 
U3,» > [SCH wi) — Sle, vi}? + tyra — yi "T ae. 
“a j=1 
Define 


g(x; D(Ce, d])) = D> (fla, yi-d) — fle, yw) P + lyin - yi] dx (x e[a, d). 


?=1 





(f). 








~I 
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Then g(x; D({c, d])) is a non-negative, continuous function of x on [a, b], and 


lim g(x; D([e, d])) = L(x, f). 


De 0 
Applying the lemma of Fatou [13; I], we obtain 


al 


(4.4) U3,» > | La, f) dx = S,(f). 


Inequalities (4.3) and (4.4) imply that U(3, A) = S,(f), as asserted. Now 
{ado [5], [6] has shown that 


U(S,,) = A(f,) (n = 0, 1, 2, --+). 


It follows that condition IT, (8.5) is fulfilled whenever f, — a — f, on [a, b; c, d] 
(see I, (18.9)). Thus, in view of relations (4.2), the statements in I, (19.1), 
(19.2) are immediate consequences of the corollary in IT, §8. 


5. The fact that f, — a — f, on [a, b; c, d] does not generally imply that 
tf, — svu— f, on [a, b; c, d| follows at once from the corresponding result of Adams 
and Lewy for curves (see I, (3.2)). But if f, — a — f, on [a, b; c, d], then by 
I, (19.1), (19.2), we have, in particular, 


pd 


| L.(y, fo) dy, 


e 


d 
lim [ LAy, f.) dy 
(5.1) 


ad 


| Vit, fo) ay. 


d 
lim [ Vly, f,) dy 


In view of I, (18.1), (18.2) it is clear that, for every y = 7 contained in [e, d], 
the functions f,(2, n) (n = 0, 1, 2, ---) regarded as functions of x alone on the 
interval [a, b] satisfy the conditions I, (1.1), (1.2). In particular, then (see I, 
§6), we have 


lim inf L(y, f,) > L(y, fo) (y € [c, d]}). 


The reader now observes that the functions L,(y, f,) (n = 0, 1, 2, ---) satisfy 
the hypotheses of the lemma in IT, §20 on the interval [c, d]. Consequently there 
exists a subsequence of functions L,(y, f,,) (k = 1, 2, ---) such that 


(5.2) lim L(y, fr.) = L(y, fo) for almost every y « [e, d]. 


In view of I, (18.3), it follows that, for almost every y = 7 contained in [c, d], the 
functions f,(x, 7) (n = 0, 1, 2, ---) regarded as functions of x alone on the 
interval [a, b], satisfy the condition I, (1.3). Hence, from relation (5.2), we 
conclude that (see I, §1) 


Sn,(x, 0) — L— fo(a, n) for almost every y = 7 € [c, d]. 
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From the results of Adams and Lewy cited in I, (3.2), it follows that (see I, 


§$§12, 13) 

(5.3) lim V.(y, fn. — fo) = 0 for almost every y « E(y, fo). 

Clearly 

(5.4) VY, fae — fo) S VAY, fu) + Vay, fo) (y € [e, d]). 

Using relations (5.1)-(5.4) (see II, §17), the reader will find that the functions 
VAY, Sau — fo),  Vilys Su) + Vy, fo) (k = 1, 2,3, ---) 


satisfy the assumptions of the lemma in II, §21 on the set L(y, f.). Consequently, 


lim / VY, fur — fo) dy = 0. 


E(yu,fo) 


But since this same reasoning may be applied to any infinite subsequence of the 
functions f,,(x, y) (n = 1,2, ---), we conclude that 


° 


lim | Vy, fn — So) dy = 0. 


E(u,fo) 


This is the first relation in I, (19.3); the second follows at once by interchanging 
the réles of x and y. 

Since I, (19.4) has been verified in I, §20, the theorem in I, §19 is now estab- 
lished. 


6. In the following sections, we give a second proof for the fact that if f, — 
a — f, on [a, b; c, dj, and if f,(x, y) is ACT on [a, b; ¢, dj, then f, — sv — f, on 
la, b; c, d] (see I, (19.3)). This proof is independent of the results of Adams and 
Lewy, but parallels closely their proof for the corresponding theorem on curves. 
It is based upon the inequality in I], (14.2). In addition to the notation intro- 
duced in stating the theorem in I, §19, we shall find the following notation 
convenient. 


nf) =| 3 |" { f(b, y) — fla, y)} dy, 


Il 


(6.1) of) =1 31" | Ye, d — far, 0} de, 


o(f) = [a(S + ofl + 1), 


w(f) = |X!o(f) (% = fa, b; c, d)). 





-_- & Ye »« 


1¢ 


d)\). 
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7. First, suppose that f(x, y) is ACT on 3; then (see I, §17) 


a(f) = |3|7" I| p(x, y) dx dy, Af) = |3)- | q(x, y) dx dy; 


\ 
*) 


(7.1) A(f) = I| [ p(x, y)” + ge, y)? + 1]' de dy; 


S 
> 
J 


T Af — x(f)x) = I| p(x, y) — wf) | dx dy. 
If we identify 
E = 3, u = (x, y), X(u) = p(a, y), Y(u) = q(x, y), 


then clearly the hypotheses of the corollary in II, §14 are satisfied. Thus from 
II, (14.2) follows 


(7.2) TAf — x(f)x) < 2'o(f) ACSA) — w(f)}". 
8. Next, assume that f, — a — f, on ¥ (see I, (18.9)) so that, in particular, 
lim A(f,) = A(f,). Now clearly (see I, (18.2), III, (6.1)) 
lim r(f,) = (fo), lim p(f,.) = p(fo), 
lim o(f,,) = o(fo), lim w(f,,) = w(fo). 


Thus it is clear that f,(x, y) — x(f,)a converges uniformly on 3 to f,(x, y) — 
m(f.)x; hence (see I, (17.4)) lim inf 7,(f, — (f,)2) > T(fo — 2(fo)x). Assume 
further that each f, (2, y) for n = 1, 2, --+ satisfies III, (7.2). Using the preceding 
relations, we find that f,(2, y) also satisfies III, (7.2)—in fact, 

(8.2) T.(fo — a(f.)x) < lim sup T.(f, — x(f,)x) 


< 2'6( fo) A(f) {A(h) — w(fo)}". 


(8.1) 


9. Assume now that f,(x, y) is merely BVT on 3; from the definition of A(f,) 
(see I, §16), it is clear that there exists a sequence of quasi-linear functions 


f..(x, y) (see I, §15) such that f, — a— f, on 3. Obviously each f,(x, y) is ACT 


on ¥ for n = 1, 2, --- , and hence satisfies ITI, (7.2). From III, §8 it follows 
that f,(2, y) also satisfies III, (7.2)—that is, any function which is BVT on 
satisfies III, (7.2). 


9 
10. Again, assume that f, — a—f, on 3. From I, (17.7), we infer that 
TAfn — fo) © TAS, — w(fi)x) + TAa(f,Jx — afr) + Tho — 2(fo)x). 

Now (see III, (8.1)) it is clear that 


lim 7,(r(f,a — m(fo)a) = lim | 2(f,.) — r(fo) |-|9! = 0. 
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Using III, (8.2), §9, and these inequalities, we conclude that 


(10.1) lim sup T,(f, — fo) < 2°e(fr) A(fy)'{A(fo) ~ w(fo)}’. 
As we observed in I, $18, the fact that f, — a — f, on 3 implies that 


f, — a—f, on any subinterval A of §. Denote by 7,(f, A), A(f, A), «(f, A), 
w(f, A) the interval functions defined with — to the function f(x, y) for (x, y) 
e A as the corresponding functions 7,(f), A(f), o(f), w(f) are defined in terms 
of the function f(x, y) for (x, y) « 3 (see I, §§12-16, III, §6). Theniff, —a—f, 
on 3, it follows from ITI, (10.1) that 


(11.1) lim sup 7.(f, — fo, A) < 2°7o(fo, 4) A(fo, A)'{A(fo , A) — w(fo , A)} 
Using the continuity of f(x, y), the reader will verify that T,(f, A) is an additive 


interval function. 


12. Now let D(Q) be any subdivision of 3 (see II, §1). If M is any positive 
integer, denote by D(M) that subsystem of intervals A contained in 3 for which 
o(fo , A) > M; denote by D(M) the system of intervals in D(3) and not in 
D(M). We now assume that f,(z, y) is ACT on 3; then it is clearly ACT on any 
subinterval of 3 (see I, §13), and consequently (see I, §17) 


(12.1) A(fo, A) = | [ p(x, y)” + g(x,y)” + 1)’ dx dy. 
4 


From III, (6.1), (7.1) and the lemma in IIT, §10, it follows easily that 

(12.2) w(fo, A) < A(fo , A), U(3,@) = A(fo). 

From I, §17 one obtains 

TAfn — fo, A) S TAS, , A) + TA fo, 4) S A(fn, A) + Alfo, 4) (ACO) 


Using relations (12.1), (12.2) we conclude that 
M- > |al< DY /Al-o(f, d) 


4¢D(M) 4eD(M) 
(12.3) 
= w(fo, D(M)) < A(fo, D(M)) < A(fo)- 
Assume again that f, — a— f, on 3; then f, — a— f, on A where A is any sub- 
interval of &, so that (see (12.1)) 


lim sup T.(f, — fo , D(M)) < lim sup A(f, , DW) + A(fo , D(M)) 
(12.4) 


< 2A(fo , D(M)) = x, I [p? + og? +1)' de dy. 
4¢D(M) 
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From relations (12.3) and (12.4) and the absolute continuity of the integral, it 
follows that, for any positive number e, there exists a positive number M, , 
depending solely upon ¢, such that for any subdivision D(Q) it is true that 
lim sup T.(f, — fo, D(M.)) < «. 


13. Assume that f, — a — fy on § and that f.(z, y) is ACT on 3. Then if 
D(&) be any subdivision, it follows from IIT, §§11, 12 and the lemma of Schwarz 
that 


lim sup 7.(f, — fo) = lim sup T.(f, — fo , D(S)) 
< lim sup T.(f. — fo, D(M.)) + lim sup T.(f, — fo, D(M.)) 
< e+ 2M .A(f) {Af ) — w(fo , D(3))}}. 


In view of III, (12.2), the right member of this inequality is arbitrarily small if 
« and D(S) are properly chosen. Thus lim 7,(f, — fo) = 0. Interchanging the 
réles of x and y, one obtains lim 7,(f, — fo) = 0. This proves the assertion 
made in ITT, §6. 


14. We next make a proof for the theorem in I, §25. First, observe that, from 
the result of Radé quoted in I, §24, it follows that each of the Jacobians for the 
triple r(u, v) is summable on §. Also, conditions I, (25.4)-(25.7) imply that 
r(u, v) is absolutely continuous AJ (see I, §21). From condition I, (25.6) and 
this fact, it follows that 


A(z.) = | [J(x, ; u,v)? + Jy, 3 u,v)? + J(z, 3 u, v)?}' du dv 
(14.1) (mn = 1, 2, 3, ---); 
A(z) = I} [J(x; u,v)” + Jy; u, v)? + Jz; u, v)?} du dv. 


3 
We shall first prove this theorem, making the following additional assumption. 


(14.2) Each of the functions z,(u, v), y,(u, v), z,(u, v) (n = 1, 2, ---) is quasi- 
linear on & (see I, §15). 


If A be any interval contained in 3%, define 


@,(A) = I J(z, ; u, v) | dudo, y,(A) = I| J(y, ; u, v) | duddv, 
4 - 

xn(A) = I/ J(z, ; u, v) | dudv; @ (A) = | J(x; u, v) | dude, 
/ ws 

y (A) = [| | J(y; u, v) | du dz, xe(A) = | J(z; u, v) | dudv. 
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Since each of these interval functions is additive, it follows that (see II, §3) 
(14.3) U(3, ¢.) = ¢.(9), U(S, vn) = ¥2(9), U(3, xn) = x.(9) 
(n = 0, 1, 2, ---). 


So it is obvious that these interval functions satisfy conditions IT, (8.1), (8.3), 
(8.4). From the lemma in II, §10 and the relations (14.1), we obtain 


U(,@,) = A(r,) (n = 1, 2,3, ---); 
U(, wo) = A(x). 


From assumption I, (25.7) it follows that condition II, (8.5) is fulfilled. In view 
of conditions I, (25.1)-(25.5) and the assumption (14.2), the hypotheses of a 
generalized lemma of McShane [9] are satisfied; consequently, for each interval 
6 contained in 3, there exists a measurable set V,, contained in 6 such that 


lim [| J(x, 3 u, v) dudv = I J(u, v) du dv. 
Ve : 
Hence 

lim inf ¢,(6) > (8), where (8) = | I] J(u, v) du dv (8C 9). 


Now let A be any interval contained in 3, and let D(A) be any subdivision; then 
clearly 


lim inf ¢,(4) = lim inf ¢@,(D(A)) > Q(D(A)) (AC $). 


But from the lemma in II, §10, we find that 


U(4,Q) = | J(x; u, v) | dudv = @,(A) (At Sh. 


Thus lim inf @,(A) > @(A) for A C ¥. Similar inequalities follow for the interval i 
functions w,(4) and x,(A). Therefore, condition II, (8.2) is satisfied. From the 
corollary in IT, §8, the assertions I, (25.8) now follow, in view of relations (14.3). 


15. We now prove the theorem in I, §25, dropping the assumption III, (14.2). 
From the definition of the area (see I, §§22, 23), it follows that there exists, for 
each n, a sequence of triples of quasi-linear functions 


(15.1) ran(t, v) = (un(U, V), Ymn(U, V), Zman(U, v)) ((u, v) € J; m = 1, 2, 3, ---), 


such that the 2,,,.(¥, v), Ynn(U, 0), Zm,(u, v) converge uniformly on Q to 2,(u, v), 


y,(u, v), 2,(u, v), respectively, and A(r,,,.) converges to A(r,) as m tends to ~. I 
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Since by I, (25.6) each of the r,,(u, v) is absolutely continuous A./, it follows that, 
for each n, the triples r,,,,,(u, v), r,.(u, v) (m 1, 2,3, ---) satisfy the assumptions 
of the theorem in I, §25 and the additional assumption III, (14.2) made in the 


preceding section. Hence, from the preceding section, we conclude that 


> 


| J(x, 3 u, v) | dudz, 


a=, 


lim | | I(tmn 3 U, v) |.dudv 


x 
. 


e 


lim 


) 
| J(Ymn 3 U, v) | du dv | | Jiy, 3 u, v) | dudz, 
j ny 


lim | | T(2mn 3 U, v) | dudv 
3 


Thus, for each n, there exists a triple r*(u, v) in the set (15.1) for 
following inequalities hold simultaneously. 








r*(u, v) — x,(u, v) || <n ((e, veS, wn = 1, 2, 3, ) 
ep pf ) 
I} | J(x*;3 u,v) | dudv — I J(x, : u, v) | dudv 
rR) x 
(15.3) I| J(y*; u,v) | dudv — I lJty, ; u,v) |dudvi \k <n" 
"3 R) 
I| | J(z*: u,v) | dudv — [| J(z, ; u, v) | dudv 
“ “ 
(n = 1, 2, 3, ---) 


Now clearly the triples r¥(u, v), r(u, v) satisfy the assumptions of the theorem 
in I, §25 and the additional assumption ITT, (14.2), so that 





lim f/f | J@t; u, 0) |dudv = |f | Jee; u, 0d) | dude, 
is F 

(15.4) lim I J(y*; u, v) | dudv = I| J(y; u, v) | dude, 
3 ‘3 

lim | J(z*: u, v) | dudv = [/ J(z; u, v) | dudv. 
‘g cy 


Relations (15.3) and (15.4) imply 


the conclusion I, (25.8). 








7 
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16. To verify the corollary in I, §26, we notice that there always exists a 
sequence of triples r,(u, v) of quasi-linear functions which satisfy the hypotheses 
of the theorem in I, §25, provided the triple r(u, v) is absolutely continuous AJ. 


: : ] 
For these r,,(u, v), we have, using the notation of the corollary, 
] 
A(z-r,) = I | J(x, ; u, v) | du dz, 
3 , 
A(y-r,) = I/ | J(y, ; u, v) | dud», 1 
‘3 


A(z-r,) = I | J(z, ; u, v) | dudv (n = 1, 2, 3, ---). 
3 


From the conclusion I, (25.8) and the facts stated in I, §24, the corollary in I, 
§26 is now immediate. 


17. As we noted above, there always exists a sequence of triples r,(u, v) of 
quasi-linear functions which satisfy the hypotheses of the theorem in I, §25, 
provided r(u, v) is absolutely continuous AJ. Now the transformations defined 
by the pairs 


(y = y,(u, v), (z = z,(u, v), (a = 2.(u, v), 
(17.1) } 4 4 (u, v) e 3, 
\z = z,(u, v), la = 2,(u, v), ly = y,(u, v), 


are each in the class K; , since a quasi-linear function is Lipschitzian (see I, §28). 
From the remark at the end of II, §8, it follows that the relations I, (25.8) also 
hold on every subinterval of $§. But now, in view of I, §25, it is clear that each 
of the sets of transformations in (17.1) taken together with the corresponding 
transformation in I, (27.1) satisfies the assumptions of the closure theorem for 
the class K, , stated in I, §28; from this theorem follows the corollary in I, §27. 
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THE ABSOLUTE CESARO SUMMABILITY 
OF TRIGONOMETRICAL SERIES 


By Fu Traine WanG 


1. The absolute Cesaro summability of series has been defined by Kogbetliantz 
[9] and treated by many other authors; it is related to Cesaro summability as 
absolute convergence is related to ordinary convergence. Bosanquet [1], [2], [3] 
applied this kind of summability to Fourier series and proved that the property 
of bounded variation of the Cesaro mean of the function is the necessary and 
sufficient condition that its Fourier series be absolutely Cesaro summable at a 
point. Hyslop [6], [7], Cooper [5], Chow [4], and Randels [12] discussed the 
analogous problem for derived Fourier series, conjugate series, Fourier integrals 
and power series. 

Put 


A, = A,(x) = A, cos nx + b, sin na, 


and 


a, . n—-v+a 
“Tay Bl pay |e 


n 


A series >A, is said to be absolutely summable (C, a) or, simply, summable 
(', a | provided the series > (¢& — o%_,) is absolutely convergent. The object 
of this paper is to prove the following theorem and find its best possible condition. 


THrorem. If the series 


(1.1) Zz. (a, + b;)(log n)'** (e > 0) 


n 


is convergent, then the trigonometrical series 


(1.2) 2. (a, cos na + b, sin nx) 


n=O 


is summable | C, a | (a > 4) almost everywhere. 


First, we can prove that the trigonometrical series 


» (n log n)~! cos 2"x 


when >> a2 log n converges is non-absolutely Cesiro summable at a set of points 


Received March 26, 1942. 








568 FU TRAING WANG 


of positive measure and, second, we can construct a trigonometrical series which 
satisfies the condition of the theorem and is non-summable | C, a | (0 < a < 4) 
almost everywhere. 


2. We use A or O for a constant which depends only on a and is different in 
different occurrences. Before proving the theorem, we require a number of 
lemmas. 

Lemma 1 (Kogbetliantz [9]). Jf 


eT 1 “~f{/n-—v+t+a-1 
ce = 6, (x) (= 3 ( i ee ) va, 

n 
then 


a a = 
n(o,, — On-1 = Se e 


Lemma 2 (Kogbetliantz [9]). If a series >> A, is summable | C, @ |, then it is 
summable | C, 8 | for 8 > a. 


Lemma 3. If } < a < 1, then 


— n—-—-v+ta- ')’ (log n)'** (ies a) 
Zz . 1+2a vy 


n= a 2 n 
This is easily seen from Stirling’s formula. 
Lemma 4 (Rajchman and Saks [11], Fubini’s theorem). Jf {¢,(t)} ts @ sequence 
of positive monotone increasing functions defined in the interval (a, b) and > ¢..(b) 


converges, then > ¢/(t) is convergent almost everywhere. 


Proof of the theorem. By Lemma 2 we may suppose that } < @ < 1 and by 
Lemma 1 and Lemma 4 it suffices to show that the series 


(2.1) lf 


converges. Now we have 


oS (x) 


nm 


dx 








= } 


(2.2) [ | ¢ (x) | dx < 4 > (" -s+e> 5] Pa? + ny). 
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By Lemma 3 and (1.1) we have 


2» => (" a ') v*(a? + b3)} 
\v=l1 





n=2 n* = 9 
a eee ie F (log _n)"** ; * “tte ')’ 2/,,2 2 \' 
= \& n(log n)'** \ gt +o p> n-v v (a, + by) 
(2.3) | 
bate m 2 l+e)}? 
< AD a +) D (" se ‘) en 
\y 1 n=» ni—- Pp lade 
< Ayu (a2 + b2)(log n)'**> < A. 
.v=1 


By (2.2) and (2.3) we have 


m ala os (x) 
} i “ a <A. 


n=2 





This proves that (2.1) is convergent. 


3. Lemma 5. Jf {F,,(x)} tis @ sequence of integrable functions defined in the 
interval (0, 2x) and satisfies the conditions 


(3.1) 0 < F,,(x) < A, log, m for all x and m 
and 
(3.2) | F,(a)dx > A, log, m form> m, 


“9 


then there exists a set of points E of positive measure such that F,,(x) > log, m for 
x € E and infinitely many values of m. 


We use the following notation: log, m = log (log.., m), [] C, is the set of 
points which the C’s have in common and | C | is the measure of the set C. 

If Lemma 5 is not true, then F,, (x) < log, m for m > N(x) and x belongs to 
a set of points J of measure 27. Let C,,, be the set of points of x in J such that 
F,, (x) < log,m and C,, = I] C,; then C,,C C4. If C is the outer limiting set 


‘=m 


of the sequence {C,,}, then J = C. Given a positive number 6 we can find a 
positive.integer k such that | C, | > 2a — 6. Hence F,,(x) < log, m for reC, 
and m > k; then 


| F,,(x)dx < 2m log, m, 
/Cy 
for n > k and 


A F,(a)dx < 2m log, m + | F,,(x)dz. 


“0 “C(Ce) 
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By (3.1) and (3.2) we have 
A, log, m = 2 x log, m + A, 6 log; m 


for m > max (k, m,); this inequality is seen to be impossible by taking m 
sufficiently large and then 6 small. Thus the lemma is proved. 
In order to prove that the series > (n log n)~* cos 2"x is non-summable | C, « | 
n=2 


at a set of points of positive measure, we may suppose that a > 1 and put 


“"—_ [ees], f(x) = | > ¥ r : fe - ') —2 __ cos 2’ 








log 2 vy log » 
Let e, be the set of points in (0, 27) for which cos 2’x is positive and E,, = [I e; 
v=rn—l 
then | EZ, | = +27‘ and 
(3.3) | cos 2"""' adx = 2°"! 
“En 
Now 


[ fula)dx > [ f.(x)dx 


— n-2?+a-1 2’ : 
Zz » cos 2’x 
Be 1 vore~t n—2 v log v 








IV 


dx 

















i rna-l-l ee te ‘) 9” ™ 
- Zz. cos 2’x | dx. 
En, | =2 n—-—2 v log v 
By Stirling’s formula and 
A,(n - + abit < (" —_ 2 + - _ ') < A,(n ted 2”)* 1 , 
n—2 
we have 
2r grr} 
oy -. f pa rertye-i._. el [ 08 gry a 
| S.(a)dx > A,(n at ine a las & Jo. cos 2 vdx 
ra-l-l y 
ae 2 
—_ . | yy | a-l 
A,| E,|n u yo 


If we take r, > 2, then 


tn-l-1 9” ra-l u 
ee Oe ga a 
<= vlog »v de u log u 


gre-t ~~ (<< n ie *) 
< (- — 1) log (, -— 5) oy log n log. n . : 
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Hence, for n > m, , 


n* a 


(41 — Ar2")> A - 


> I SS. 
(3.4) [ f.(z)dx > 2 log n log. n 


log n a 
if we take / sufficiently large and fixed. 
Put 
7 f.(x) 
F,(z) = —, 
@) > n(” *) 


n 


then by (3.4) 


2r 





¢ F,,(x)dx > S.(x)dx 
- me pe pe! MLNS > A log; m, for m > m,. 


nom, n log n log, n 


It is easily seen that 0 < F,,(x) < A, log; m for all z and m. Hence, by Lemma 
5, a set of points E of positive measure exists for which the series 


—f{n-—-2’+a-1 Yi i 
> ( dS ae ) cos 2’ 


a2 v log v 


- I 


> n(” + f 
n 


diverges at all points of it. That is to say, the series 





<i n log n 





cos 2"x 
is non-summable | C, a | at all points of EZ. 


4. On the other hand, we can prove that the series 


= cos nx 
(4.1) > @ <a <}) 
n=10 2 log n log, n 





which satisfies the condition of the theorem is non-summable | C, a | almost 
everywhere by the following 


Lemma 6 (Kogbetliantz [9]). Jf the series }> A, is summable | C, a |, then 
>on-*A, is absolutely convergent. 


In fact, if the series (4.1) is summable | C, a | at a set of points of positive 
measure, then by Lusin’s theorem [8] and Lemma 6 the series 


Le cos nr 


n log n log, n 





converges everywhere. This is impossible for z = 0. 
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In conclusion, I state, without proof, the following results. 


(I) If >> (a2 + 02) (log n)***‘ is convergent, then the series (1.2) is summable 
| C, 3 | almost everywhere. 


(II) If 0 <a <4 and > (a? + b2) n'** (log n)'** converges, then.the series 
(1.2) is summable | C, a | almost everywhere. The series (4.1) shows that the 
positive number ¢e cannot be omitted in this case. 
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THEORY OF EQUIVALENCE RELATIONS 
By OysTern ORE 


The present paper contains an extensive analysis of the theory of equivalence 
relations. A large number of new results have been obtained and it seems of 
particular interest that several of these connect rather diverse mathematical 
fields. But this theory appears to be of importance also for various other reasons. 
It may be mentioned, for instance, that a greater part of the theory consists in 
a study of the structure of all equivalence relations over a set. This structure 
does not satisfy the Dedekind condition and it is of a sufficiently general type 
to afford a useful example for arbitrary structure theory. Several problems 
solved for the structure of equivalence relations give indications of suitable 
methods of attack for analogous problems in the general case. As another 
justification for the theory of equivalence relations one may mention the fact 
that it yields an example for the much more general theory of mathematical 
relations which I have been studying for some time. 

The main contents of the paper are as follows. In the first chapter one finds 
the simplest properties of equivalence relations, their representation as partitions 
or fields of sets over the basic set S, and it is shown that they form a complete 
structure. All these results were obtained by Garrett Birkhoff for the case of 
a finite set S, but the extension to arbitrary sets entails no particular difficulties. 
D. Kénig made the important observation that there is associated a special so- 
called pair graph with the union of any two equivalence relations. Next the 
Dedekind relation and the distributive law are studied in the structure of equiv- 
alence relations and it is of interest that the results can be interpreted as proper- 
ties of the union graph of two relations; for instance, the Dedekind relation is 
satisfied“in one form if and only if the graph is a tree. The law of isomorphism 
is discussed by means of the Dedekind law. This leads to problems investigated 
by the Dubreils on the theorem of Jordan-Hélder and isomorphic chain refine- 
ments. 

The structure of equivalence relations is complemented or even completely com- 
plemented. Furthermore, it possesses a special type of complements which I 
have called Dedekind complements. The construction of a Dedekind complement 
corresponds to a choice of representatives in the sets of the partition. The well- 
known problem of finding common representatives for two partitions may there- 
fore be formulated structurally as a determination of common Dedekind com- 
plements. A few illustrations of the application of the theory to groups are 
given. It is shown that the existence of common representatives for right and 
left co-set expansions depends on the fact that the right and left co-set expan- 
sions always define so-called commuting equivalence relations. 

In the third chapter some connections between partitions and correspondences 
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are derived. These investigations have applications also to other problems not 
mentioned here. The automorphisms and endomorphisms of an equivalence 
relation are determined and finally some properties of permutation representations 
of structures are indicated. 

In the last chapter the structure of equivalence relations is characterized as a 
geometric system with points and lines with rather peculiar properties. It is 
also shown that the group of automorphisms of the structure of all equivalence 
relations is the symmetric group on the basic set S, a result also due to Garrett 
Birkhoff in the finite case. More difficult to establish is the fact that the structure 
of equivalence relations has no endomorphisms. This is shown to be a conse- 
quence of a general property of relatively complemented structures. 


Chapter 1 


1. Equivalence relations and partitions. In the following we shall denote by 
S some set which shall remain fixed. An equivalence relation E in S is a binary 
relation 
aEb 
between two elements a and b in S, defined by the four properties: 


(1) Determination. For any pair of elements a and b the relation a EF b either 
holds or does not hold. 

(2) Reflexivity. For any a one has a E a. 

(3) Symmetry. When a E b, then b E a. 

(4) Transitivity. Whena E band b Ec, thena E c. 


The special equivalence relation 
aUb 
which is defined to hold for any pair of elements a and b will be called the universal 
relation. Similarly the equivalence relation 


alb 


which holds only when a = b will be called the identity or unit relation. 

A partition P of the set S is a decomposition of S into subsets C, such that 
every element in S belongs to one and only one set C,. We shall call the sets 
C, the blocks of the partition P and write P = P(C,). 

The connection between partitions and equivalence relations is expressed in the 
following well-known result. 


THEOREM 1. Any partition P(C) defines an equivalence relation E in the set S 
when one puts a E b whenever a and b belong to the same block C. Conversely, any 
equivalence relation E defines a partition P(C,) where the blocks C, consist of all 
elements equivalent to any given element a. 
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Proof. The correctness of the first part of the theorem is seen immediately, 
and to prove the converse one need only observe that every element in S belongs 
to some set C, and that two such sets C, must be either identical or disjoint 
according to the axioms for an equivalence relation. 

Among the special partitions of S we note the universal partition Py in which 
S is the only block and the complete or identical partition P; in which every block 
is a single element. 

When the set S is a finite set with n elements, the number p, of partitions or 
equivalence relations over S is also finite. This number p, occurs in various 
other mathematical problems and it has been studied extensively by A. C. 
Aitken, E. T. Bell, L. F. Epstein and many other writers. For a more complete 
set of references the reader may be referred to a paper by Epstein [5], whose 
appendix contains an extensive bibliography on the numbers p, and related 
numbers. The numbers p, may be determined successively through the recur- 


sion formula 
= n 
Pr a > yD a Pi " 
i=0 U 


The number n!p, has the characteristic function 


e%—1 


e 


2. Partitions defined by families of sets. In the following we shall use the 
ordinary terminology of the theory of sets. The sum, intersection and difference 
of two subsets A and B of S will be denoted respectively by A + B, A-B and 


A—-B=A-—A‘B. 


A family of subsets will be denoted by ¢(A,,) where the marks m may run through 
a set M of arbitrary cardinal number. For the sum and intersection of the sets 
in the family we shall write respectively 
re we he Al a 
mcM mc M 

The family of sets (A,,) will be said to cover S when every element in S belongs 
to at least one set A,,. 

Every family of sets defines a certain partition of the basic set S as we shall 
now show. Let us denote the given family of subsets by 


(1) & = O(A,,) (m « M), 


where the index set M may be arbitrary. Now let a be any element of S. Among 
the sets A,, in the family (1) there will be certain ones A,,, which contain a and 
certain others A,,, which do not contain this element. The marks m, and m, 
will form two sets M, and M, which are complementary in M. Since a belongs 
to all A,,, it must also belong to their intersection Ily,. Similarly, since a does 
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not belong to any of the sets A,,, it does not belong to their sum Zy,. This shows 
that a is an element of the set 


(2) Cu, = Mu, — My,-2a, - 
We shall agree that if M, is void then 
QGus- 2, 
and similarly if M, is void 
Cu = Ty. 


All elements in S corresponding to the same set of marks M, and M, must 
belong to the same set Cy, . Furthermore, no element 6 with different sets of 
marks M{ and M3 can belong to this same Cy, . If, namely, b belonged to the 
intersection II, , one would have M{ > M,. Butif M{ > M, then M) C M, 
and b is contained in the sum 2y,. But in this case b is eliminated from Cy, by 
the subtracted term in (2). This shows that the sets Cy, form the blocks in a 
partition of the set S so that we have proved 


THEOREM 2. Let 
#(A,,) (me M) 


be a family of subsets of a set S where the marks m run through some set M of 
arbitrary cardinal number. Any such family of subsets defines a partition P(C y,) 
of S where the blocks Cy, are defined by 


(3) C4 TE he FE Aad 2 - Aad 


mi «eM, m,¢« M, m,¢«M-M, 
and M, runs through all subsets of M. 
The proof of Theorem 1 implies further that an equality 
Cu, = Cu 


can only hold if the two sets are void or if M, = M{. The expression (3) for 
the blocks Cy, can also be written in the forms 
Cy, = Ily, — » = (A,,, *Ta,) = Ily, (S sa 2wu,)- 

Theorem 2 shows that every family of sets (1) generates a partition of S. Let 
us turn to the converse problem where a partition P(C) of the set S is given. 
We wish to determine all families ¢(A) which generate this partition of S in the 
manner indicated by Theorem 2. Let the number of blocks in the partition 
P(C) be indicated by the cardinal number y . This cardinal number can be 
raised arbitrarily to any y greater than 7, by adjoining the void set 0 a sufficient 
number of times to the family P(C). According to Theorem 2 the sets C must 
be associated in a one-to-one manner with the subsets of some set M. Therefore, 
let M be chosen as a set with cardinal number yz so that the number of subsets 
of M is 2”. If 2” > y one can adjust y as indicated so that 2” = y. A one-to- 
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one correspondence a between the sets in P(C) and the subsets of M may then 
be established. After this correspondence has been defined one can write 
any C as a Cy, where M, is a uniquely determined subset of M. When these 
indices M, have been introduced, the family ¢(A,,) which generates the corre- 
sponding partition is determined since A must be the sum of those sets Cy, for 
which M, contains the element m. Conversely, when the A,, are determined this 
way their corresponding partition is seen to be P(C). 

This construction shows that other families ¢(A,,) generating P(C) may be 
obtained through a different correspondence a and through sets M with different 
cardinal numbers. When the number y of blocks is finite, the smallest number 
of sets A,, in a family $(A,,) generating the partition P(C) is u, where yu is the 
smallest integer such that 2” > y. 


3. Complete fields of sets. A family of sets ¢(A,,) will be called a field of sets 
when it contains the sum, intersection and difference of any two of its sets. 
The field of sets is said to be complete when it contains the sum and intersection 
of any subfamily of its sets. Finally, the field of sets shall be called a field of 
sets over S when it contains the complement A = S — A of any of its sets. 
This may also be stated that the field will contain S. Any family of sets ¢ gener- 
ates a complete field of sets obtained by adjoining to ¢ all sets derived from the 
given ones by the successive application of the operations of forming differences 
and sum and intersection of arbitrary subfamilies. If ¢ covers S the resulting 
field is a complete field of sets over S. 

If F, and F, are two complete fields of sets over S, their common sets form 
the largest complete field of sets over S contained in both, the cross-cut F, ()\ F, 
of F, and F,. Similarly, the union F, U F, of F, and F, is the least complete 
field of sets over S containing both F, and F, and it is the complete field generated 
by the’sets in F, and F,. These concepts of union and cross-cut can be extended 
to an arbitrary finite or infinite number of fields so that we see that all complete 
fields over S form a complete structure. The all-element of this structure is the 
field of all subsets of S. The zero-element is the field consisting simply of S and 
the void set 0. 

When a family of sets (1) is given, it is obvious that the sets Cy, in (3) belong 
to the complete field of sets over S generated by the family. On the other hand, 
it is clear also that a family of sets consisting of all sums ys C of blocks in a 
partition form a complete field. This gives 


THEOREM 3. The complete field of sets over S generated by a family of sets @ in 
(1) consists of all sums >> Cy, where the sets Cy, are the blocks (3) in the partition 
of S defined by ®. 


As a corollary, there results 


THEOREM 4. A complete field of sets over S consists of all sums of blocks in a 
partition of S. 
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This result also shows that each partition corresponds to a single complete 
field of sets over S and conversely. We shall return to this one-to-one corre- 
spondence a little later. In this connection it may be remarked that the previous 
construction of all families generating a given partition also determines all 
families generating a given complete field over S. A more detailed discussion 
of the methods for constructing the field of sets generated by a family of sets 
can be found in [6] and [16]. 


4. The structure of equivalence relations. The system of all partitions of a 
set S forms a partially ordered set when one writes P, > P, whenever the blocks 
in P, are obtained by subdivisions of the blocks in P, . The zero element 0 of 
this partially ordered set, i.e., the partition contained in all others, is the com- 
plete partition of S and the all-element containing all others is the universal 
partition consisting only of the block S. In terms of equivalence relations one 
writes E, > E, when a E, b always implies a E, b. We now prove Theorem 5. 
For a finite set S this theorem as well as the following Theorem 6 is given by 
G. Birkhoff [1; Theorems 18 and 21]. 

THEOREM 5. The system of all partitions or all equivalence relations of a set S 
forms a complete structure. 

Proof. For any two partitions P,(C,) and P,(C,) the cross-cut P, (\ P, is the 
partition whose blocks are the intersections C,-C, of the blocks in P, and P, . 
For an arbitrary set of partitions {P;} there also exists a cross-cut A P; whose 


blocks are all intersections T] C,; with one C; from each partition P; . One can 


also consider A P; as the partition obtained by the construction of Theorem 2 
applied to the family of all sets C; from the various partitions. For equivalence 
relations FE, and E, the cross-cut FE, ()\ E, is the equivalence relation 


a E,(\ E,b 
which holds if and only if simultaneously 
a E, b, a E, b. 


The union of two or more partitions may also be characterized in several ways. 
The blocks C,,. in the partition P, U P, must contain the blocks of P, and P, 
as refinements. This shows that 


Ci.2 = Ss 3 = a Ce 
must be simultaneously a sum of blocks C, from P, and a sum of blocks C, from 
P,. Now all sets which have this property are seen to form a complete field of 
sets over S. Therefore, according to Theorem 4, there exists a set of minimal 
blocks which are both sums of blocks from P, and from P, such that ail other 
sets with this property are sums of these blocks. These blocks obviously define 
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the partition P, \U P,. The same argument may be used to establish the exist- 
ence of the union for an arbitrary set of partitions. 

Another way of obtaining the union of a set of partitions is the following. 
Two sets A and B in S will be said to overlap and we shall write A { B when their 
intersection A - B is not void. Two sets A and B shall be said to be chain connected 
by a family of subsets ¢(A,,) when there exists a series of sets A; in @ such that 


A¥A,¥ Arh --: ¥A,B. 


The family ¢ itself shall be called a chain connected family when any two of its 
sets are chain connected in it. In an arbitrary family ¢ the concept of two sets 
being chain connected with respect to ¢@ is obviously a reflexive, symmetric and 
transitive relation; hence it represents an equivalence relation between the sets 
in the family. Thus any family of sets decomposes uniquely into maximal chain 
connected subfamilies such that these subfamilies have no common sets or even 
common elements in any of their sets. 

Now let P,(C,) and P,(C,) be two partitions. Any block C, in P, which over- 
laps a block C, in P,; must also belong to the same block C,.,. of P; U P, to which 
C, belongs. By repetition of this argument one sees that C,,. must contain all sets 
C{ and C; in P, and P, respectively which are chain connected with C, in the 
family formed by all blocks in the partitions P, and P,. On the other hand, the 
maximal chain connected subfamilies in this family do define a partition of S; 
hence the union P,  P, has for its blocks the set of elements in the various 
maximal, chain connected subfamilies of the family {P,(C,), P2(C.)}. This inter- 
pretation can be extended to an arbitrary number of partitions. 

This last form for the determination of the blocks in a union of partitions 
applies directly to the formulation in terms of equivalence relations. Let {£;} 
denote a set of equivalence relations. Their union 


V = V{E;} 
is the equivalence relation 
aVb 
which holds if and only if there exists a chain of equivalences 


a E,, a, ’ a, E,, ay ’ ~~ ay-1 E;, b. 


In Theorem 4 it was established that there exists a one-to-one correspondence 
between the partitions of S and the complete fields of sets over S. This corre- 
spondence was such that a field F corresponding to a partition P consisted of 
all sums of blocks in P. Now let F, and F, be two complete fields of sets over 
S and P, and P, the corresponding partitions. The sets common to F, and F, 
form the cross-cut F, (\ F, in the structure of complete fields over S. But the 
partition corresponding to F, (\ F, must contain both P, and P, as refinements; 
hence its blocks must belong both to F, and F,; thus the partition corresponding 
to F, (\ F,is P, U P,. Similarly the union F, U F, is the complete field gene- 
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rated by F, and F, ; hence its blocks must be the intersections of the blocks in 
P, and P,. This leads to 


THEOREM 6. There exists a dual structure isomorphism between the structure of 
partitions and the structure of complete fields over a set S. 


To conclude, let us mention that the union of two partitions can also be 
interpreted by means of a topological graph. Let P(A) and Q(B) be two parti- 
tions. The blocks A; and B; may be represented as points in a space. One 
constructs a graph with the A; and B; as vertices by joining two such vertices 
by an edge (A; , B;) if and only if the sets A; and B; overlap. This graph shall 
be called the union graph G(P, Q) of the two partitions. One sees that the blocks 
in the union of the two partitions correspond in a one-to-one manner to the 
maximal connected subgraphs or components of G(P, Q). 

The union graph has the property that its vertices fall into two classes so that 
no vertex is joined by an edge to a vertex in the same class and every vertex in 
one class is joined by at least one edge to some vertex in the other. It is not 
difficult to see conversely that any graph with these properties may be considered 
a union graph in a suitable set. 

The question arises when an arbitrary graph is a union graph. The solution 
follows directly from a result due to Kénig [7]: 


The necessary and sufficient condition that a graph be a union graph of two parti- 
tions is that it be a pair graph, i.e., a graph in which every cycle contains an even 
number of edges. 


5. The Dedekind relation. One of the most important relations in the theory 
of structures is the so-called Dedekind law 


(4) AN(BUC)=BU(ANC) (A > B). 
Sometimes it is also formulated 
(5) Az=zBU(ANC) (BUCDADB). 


For three equivalence relations or partitions A, B and C the Dedekind relation 
is usually not satisfied. The last condition in (5) states, for instance, that any 
block A is the sum of certain blocks B and these blocks of A are in turn contained 
in blocks of the union BU C. The Dedekind relation in (5) expresses that those 
blocks in B which make up a block in A must be chain connected by means of the 
family consisting of the blocks in A (1) C. 

We shall apply this remark to determine when the Dedekind law (5) holds 
for every A containing B and contained in BU C. Let us assume first that A 
and B are partitions with the same blocks A; = B; except that 


A, =A,=B,+ 8B. 
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We assume further that B, and B, belong to the same block in B U C so that A 
also is contained in this partition. According to the preceding formulation of 
the Dedekind condition (5) the two sets B, and B, must be chain connected by 
means of the sets in A (\ C. But since A ()\ C outside of A, consists only of 
intersections B;-C; , it is only possible to obtain a connection between B, and B, 
in A (\ C if there exists a block in C overlapping both. Conversely, it is clear 
that if this condition is satisfied the Dedekind law (5) must hold for all A. 

It is easily seen that if (5) holds for all A then (4) also holds for all A and 


conversely. We shall say that the partition B is strongly connected by means of = 


the partition C if to any two blocks B, and B, in B belonging to the same block 
in B U C there exists some block in C overlapping both. The result which we 
have just derived may be expressed as 


THEOREM 7. In the structure of partitions the necessary and sufficient condition 
that the Dedekind law 


AN(BUC)=BU(ANG) (A > B) 


hold for all A containing B is that the partition B be strongly connected by means 
of the partition C. 


The condition that the partition B be strongly connected by means of the 
partition C can also be expressed by means of the union graph G(B, C). It states 
that in any maximal connected component of G(B, C) there will exist correspond- 
ing to any pair of vertices B; and B; some vertex C, so that G(B, C) contains 
the edges B;-C, and B;-C, . 


In terms of equivalence relations Theorem 7 takes the following form. 


THEOREM 8. In the structure of equivalence relations the necessary and sufficient 
condition that the Dedekind law 


E, C\ (Ez J E¢) = E, VU (E, C\ E-) (E, = Es) 


hold for all equivalence relations E, containing E, is that corresponding to any two 
elements a and b in S connected by a chain of equivalences 


aE;a,, a, Ec a2, a, Es as, TFs a, E, b 
there exist elements b, and b, such that 
aE, b,, b, Ec b , b, Es b. 


We observe finally that Theorem 7 may also be stated in the form that the 
necessary and sufficient condition that 


(AUB) N(AUC) =AU(CN (AYU B)) 
hold for all B is that A be strongly connected by C. 
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We shall continue our investigations on the Dedekind law for the partition 
structure by proving 


THEOREM 9. The necessary and sufficient condition that the Dedekind law 
(6) ANM(BUC)=BU(ANC) (A > B) 


hold for all partitions B contained in A is that there exist no circular chain of over- 
lapping blocks 


(7) A, YC, ¥ Arh +: ¥CLUA (k > 2,C, # C,) 
connecting a block A, in A with itself. 


Proof. Let us suppose first that a circular chain (7) exists. We shall then 
construct a partition B for which the Dedekind law (6) does not hold. We sub- 
divide the block A, in A into the two blocks 


B, => Aa, 9 B, => A, aati A,:C, 


and let B consist of these two blocks and the remaining blocks of A. The exist- 
ence of the chain (7) shows that the two blocks B, and B, belong to the same 
block in B U C and also that A C BU C so that the condition (6) takes the 
simpler form (5). But when (5) holds the two blocks B, and B, must also be 
chain connected by means of the blocks in B and A (\ C. Since A and B coincide 
in the blocks outside of A, this implies the existence of a block in C overlapping 
both B, and B, and this contradicts the construction of these sets. 

To prove the converse it is necessary to show that if no chain (7) exists the 
Dedekind condition (6) must be satisfied for all B contained in A. We consider 
a block M, in BU C. It consists of certain blocks in B chain connected with 
certain blocks in C. Since A D B the partition A (\ (B U C) also consists of 
certain sums of blocks in B. Let us assume first that for a block B, in B con- 
tained in some block of A (\ (BU C) there exists no other block B, of B con- 
tained in M, for which B, and B, belong to the same A, in A. Then B, becomes 
a block in A () B U C and it is also seen to be a block in BU (A 1) C). 

Next we assume that B, and B* are two blocks of B contained in M, and both 
belonging to the same block A, . Since B, and B* belong to the same block in 
BU C there must exist a chain 


B,¥C,¥ BY CY ---C. 4 BF. 


If for every i the set B; is contained in a corresponding A, , this leads to the 
circular chain 


A, 9 C; ] A, C, ke i C;, % A, 
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contrary to our assumption. The only way in which this contradiction can be 
avoided is that all A; equal A, so that all blocks B; belong to A, . But in this 
case one obtains 


B, d A,°C, 4 B, % A, °C, v °er 1 A, -C, t BP; 


hence B, and B¥ are connected in A ()\ C and our proof is completed. 

Theorem 9 can also be stated in terms of equivalence relations. The formula- 
tion by means of graphs is more interesting, however. A topological graph 
without cycles is called a tree, so that our result may be expressed as 


THEOREM 10. The necessary and sufficient condition that the Dedekind relation 
(6) hold for all B contained in A is that the union graph G(A, C) be a tree. 


Since this condition is symmetric in A and C it follows that when (6) holds 
for all B contained in A one also has 


CI\(DU A) = DU (CNA) 
for all D contained in C. The condition (6) may also be stated as 
(ANIVB)\U(ANC) =ANMN(CU (AN B)) 


for all B when and only when the graph G(A, C) is a tree and in this case one also 
has 


CIVN(AU (BN C)) = (AN B)U(ANC) 
for all B. 
A partition shall be called singular if all its blocks consist of single elements 


except for one block. This important type of partition occurs first in the 
following third result on the Dedekind relation. 


THEOREM 11. Except for the trivial cases A = B and B = 0 the necessary and 
sufficient condition that the Dedekind relation 


(8) AM(BUC)=BU(ANC) 
hold for a fixed pair of partitions A > B and for all C is that A be a singular partition. 


Proof. It is obvious that condition (8) is satisfied for all C in the trivial cases 
A = B or when B is the complete partition 0. We assume therefore that B has 
at least one block B, in which we can choose two elements b, and bf . Let B, be 
contained in the block A, of A. When A = U is the universal partition it may 
be considered to be singular and (8) is satisfied for all Bamd C. It may, there- 
fore, be assumed also that A has a block A, different from A, . We shall show 
first that no such block A, can contain two different blocks B, and Bi; of B. If 
this were the case one could choose an element b, in B, and bi in Bi and define a 
partition C by putting 


(9) C, - {b, ’ bo}, C, - {bf , 63}, 
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while all other blocks in C are single elements. Then there exists a chain 
B, YC, BUC. kB: 


so that B, and Bj belong to the same block in B U C, consequently also in 
Af\(BUC). On the other hand, it is clear that A (\ C = 0 so that the right 
side in (8) is B and a contradiction has been obtained. 

After it has been established that A and B coincide in the blocks outside of A, 
we shall show that if A # B these blocks must consist of single elements. Since 
A # B there must be at least two different blocks B, and B{ of B contained in 
A,. We choose b, in B, and bj in Bf. If any A, = B, should contain two ele- 
ments b, and bi we define the partition C as before by means of the two blocks (9). 
Again one finds a chain 


Bi §C, Y BC. Bi 


so that B, and Bi belong to the same block in BU C and A (BUC). On the 
other hand, one finds as before that B\V (A (\ C) = B. This proves that A has 
to be a singular partition. 

Conversely, let A have a single block A, with more than one element. In this 
case both sides of (8) are also seen to have single element blocks outside of A, . 
Finally, for two blocks B, and B* of B both contained in A, and belonging to 
the same block in B U C one has a chain 


Here all B; must obviously belong to A, so that one has a chain 
B, 4 C,- A, ¥ ge 4 C,- Ay ¥ BY 


and B, and Bf are connected by means of blocks in BU (A ‘\ C). This con- 
cludes the proof of Theorem 11. 

A Dedekind structure is a structure in which the Dedekind relation (4) always 
holds. In another paper [11] it has been shown that the necessary and sufficient 
condition that three elements A, B and C in an arbitrary structure generate a 
Dedekind structure is that the following five types of relations hold for all 
permutations of A, B and C: 


(a) (AU (BNC) A (BUC) = (AN (BUG) U(BNO, 
(82) (AUB) A (AUC) =AU(BN(AUO) =AU (CN (AU B)), 
(8) (AN B)U (ANC) = AN (BU (ANO) =AN (CU (AN B)), 


(y) AUB O(BUOQN (CUA) =(AN(BUDO)U(BN (AU OC) 
and permutations, 


WANBU(BONOQU (COA) = (AU(BNO)ON(BU (AN C)) 


and permutations. 
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Each of these relations can be analyzed in the same manner in which the 
Dedekind relation (4) has been studied. Such a study would seem worth while 
for various reasons. It would give results on the interrelations between the 
various conditions in the case of partitions or equivalence relations. Some of 
the results may possibly lead to properties of the union graphs. 


6. The distributive law. The distributive law in structures 
(10) ANM(BUC)=(ANBU(ANC) 


and certain laws related to.it may be studied in the same manner as the Dedekind 
law in the structure of partitions. 

Let us define two partitions B and C to be associable if the blocks in their 
union B U C are blocks either in B or in C. In terms of equivalence relations 
this implies that if one has a chain of equivalences 


aE, a,, a, Ec & , a, Es a; , mee, a, Ec b 
then one of the two equivalences 
a E, b, aE, b 


must hold. In the case of associable partitions the union graph G(B, C) has 
maximal connected components which are stars, in which certain vertices B,; are 
joined by edges to a single center C’; or conversely. 

The first result on the distributive law is 


THEOREM 12. The necessary and sufficient condition that the distributive law 
(10) hold for all A is that B and C are associable. 


Proof. Condition (10) may be stated equivalently in the form that for every 
D contained in B U C one has 


(11) D= (BND U(COD). 


To prove Theorem 12 let us suppose that a block B, in B overlaps at least two 
blocks C, and C, in C. If C, and C, are not both entirely contained in B, we can 
assume, for instance, that C, overlaps some block B,. We select an element b, 
in B,-C, and an element }, in B,-C, and construct a singular partition D contained 
in BU C by putting D, = b, + b,. In this case 


BIVD=CND=0 


so that the right side in (11) is not equal to D. Thus we have shown that any 
block B which overlaps more than one block of C must be a sum of blocks in C. 
The same argument applies to C so that B and C must be associable. Conversely, 
if B and C are associable the relation (11) is seen to hold for all D in BU C. 
The next result is a consequence of the investigations on the Dedekind law. 


THEOREM 13. The distributive law (10) holds for all B in the trivial cases C = 0 
and A C C and otherwise only when A is a singular partition containing C. 
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Proof. When the trivial cases C = 0 and A C C are omitted we can assume 





that there exists in A some block A, overlapping two blocks C, and C, in C. If 
one of these blocks is not completely contained in A, we can assume, for instance, 
that C, overlaps some other block A, in A. We choose an element c, in A,-C, and 
another element c, in A,-C, and define B as a singular partition with B, = c, + ¢. 
Then one has A (\ B = Oand A (\ (BU C) contains the block A,-C, + A,-C, 
while A ()\ C has the blocks A,-C, and A,-C, , so that (10) is not fulfilled. This 
proves that when one excludes the trivial cases one must have A D C. But in 
this case (10) reduces to the Dedekind relation 


AM(BUC) =CU (ANB) 


and it follows from Theorem 11 that this can only hold for all B when A is a 
singular partition. 
Instead of (10) we could consider the dual distributive law 


(12) AU(BNC) =(AUBN(AVUC). 
For this relation we can prove 


THEOREM 14. The dual distributive law (12) holds for all A only in the trivial 
cases BD CorC DB. 


Proof.. In order that (12) shall hold for all A it is necessary and sufficient that 


(13) M=(MUB)O(MUC) (MD BMC) 











for all M containing B(\ C. The first step in the proof of Theorem 14 consists 
in showing that B and C are associable. Let us suppose that a block C, in C 
overlaps two blocks B, and B, in B. We shall prove that in this case both B, 
and B, are entirely contained in C, . We assume, for instance, that the block B, 
overlaps a further block C, . A partition M containing B (\ C may then be 
constructed by letting M coincide with B () C in all blocks except for the single 
block 









M, = B,-C, + B,-C,. 


It follows from this definition that M U B contains the block B, + B, and MU C 
contains the block C, + C, so that the right side of (13) is a partition in which 
the block 








Mt - B,-C, + B,-C; + B,-C, + BC, 










occurs. Since M{ contains M, as a proper subset the two sides of (13) are not 
equal and we have been led to a contradiction. In the same manner it follows 
that if a block B, in B overlaps two blocks C, and C, in C, then C, and C, are 
entirely contained in B, . 

We can assume, therefore, that B and C are associable. If B is not contained 
in C nor C in B there exists a block B, in B containing at least two blocks C{ and 
Ct’ of C and a block C, in C containing at least two blocks B{ and Bj’ of B. We 
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construct the partition M which coincides with B ()\ C in all blocks except for 
the two larger blocks 


M, =Ci + Bi, M, = Ci’ + By’. 


From this definition it follows that M \ B has the block Bi + B, + Bi’ and 
M U C the block C{ + C, + CY?’ ; hence their cross-cut contains a block which 
is the intersection 


M; = Ci + Ci’ + Bi + BY = M,+ M, 


of the two. The two sides of (13) are not the same in this case. This concludes 
the proof of Theorem 14. 
Let us also deduce the following 


THEOREM 15. The distributive relation (12) holds for all B in the trivial cases 
A = Oand A D C and otherwise only when C is a singular partition containing A. 


Proof. As before, the first step in the proof is to show that A and C must be 
associable. Let us assume to begin with that some block A, in A overlaps two 
blocks C, and C, in C. We wish to show that C, and C, are entirely contained in 
A,. If this were not the case, let C, overlap some other block A, in A. We con- 
struct the partition B which coincides with A (\ C in all blocks except for the 
block 


B, = C,-Az + C,-A, ’ 


which consists of two blocks from A (\ C. From this definition of B it follows 
that A LU B must contain the block A, + A, while A U C must have a block in 
which A, + A, is entirely contained. The right side of (12) is therefore a parti- 
tion in which the block A, + A, occurs. This leads to a contradiction since 
obviously B1\ C = A ()\ C and the left side of (12) is A. Similarly, if a block 
C, in C overlaps two blecks A, and A, in A, these two blocks must be entirely 
within C, since one would otherwise be led to the preceding case in which A, 
overlaps C, and C, . 

After it has been established that A and C are associable the remaining part 
of the proof of Theorem 15 can be based upon previous results. Since in any 
structure 


(AUB)NM(AUC)DAU(BN(AUC)DAU(BNO), 
it follows in our case from (12) that 
(AUB N(AUC)=AU(BN (AYU DO), 


where B is arbitrary. The result stated in Theorem 11 is now directly applicable. 
Except for the trivial cases where A = 0 or A 3D C, it follows that A U C must 
be a singular partition. But since A and C are associable and since A  C con- 
tains only a single block with more than one element, it is seen that one must 
have C = A U C; consequently C is singular and contains A. 
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A structure is called distributive when the relation (10) holds for any three 
elements. It can be shown [11] that three elements A, B and C in an arbitrary 
structure generate a distributive substructure if and only if the following three 
types of relations hold for all permutations of A, B and C: 


(a) AMV (BUC) = (ANB)U(AN YO), 
(14) (b) AU (BNC) = (AUB N(AUO), 
(ec) (AUB NA(BUC)N (CUA) = (ANB) U(BOAC)U(CO A). 


It is easily determined when the symmetric relation (14) (c) holds, for instance, 
for all C. 


7. The law of isomorphism. We shall investigate to what extent the analogue 
of the law of isomorphism holds for equivalence relations. Let A > B be two 
equivalence relations. As usual we denote the quotient structure of all equiv- 
alence relations between A and B by A/B. Furthermore, if two quotient struc- 
tures A/B and A,/B, are structurally isomorphic we shall write 


A/B = A,/B, . 


Now let A and B be two arbitrary equivalence relations. As in the case of 
groups and other algebraic systems we shall study the connection between the 
quotient structures D = A/A (\ Band L = AU B/B. In particular, we wish 
to determine when 


(15) AU B/B=A/AC\B. 


In algebraic systems the correspondences between the two quotient structures 
(15) are always defined by means of the so-called regular structure correspond- 
ences [12] 


(16) D— BUD, ADDDANB, 
(17) CH ANC, AUBDCDB. 
These two conditions are easily analyzed on the basis of the previous investiga- 


tions on the Dedekind law. If every C in L is to be the image of some D under 
the correspondence (16), one sees that one must have 


C=BU(ANC) 


for every C between A U B and B. We have already found that the necessary 
and sufficient condition for this to be the case is that B be strongly connected by 
A. Similarly, if every D is to be the image of some C by the correspondence (17), 
one must have 


D = AM\ (DUB) 
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for every D between A and A (\ B. By the same argument which was used to 
prove Theorem 9, one shows that this implies that the union graph G(A, B) is a 
tree. 

These two conditions may now be combined. Through a reasoning which is 
particularly simple when the union graph is used, one obtains the following 


THEOREM 16. The necessary and sufficient condition that the regular structure 
correspondences (16) and (17) define an isomorphism 


AU B/B=A/AM\B 


for two partitions A and B is that in every block V of A U B there shall exist a block 
A, overlapping all blocks B; in V while all other blocks A; in V are entirely contained 
in blocks B; . 


This condition can also be expressed in various other ways. In terms of the 
union graph it states that G(A, B) consists of components in which A, is the 
center of a star of edges to the vertices B; and from each B; there issues another 
star to certain of the sets A; , i > 2, each A; occurring only in one of these stars. 

Let us say as usual in structures that an element B is prime under an element 
A or A is prime over B when A > B and the condition A > X D Bimplies X = A 
or X = B. In the case of partitions, A is prime over B when A and B coincide 
in all blocks except for a single block A, which is the sum of two blocks B, and 
B, from B. One verifies without difficulty the truth of 


THEOREM 17. When the partition A is prime over B and C is any other partition 
then either 


AUC=BUC 
or A U C is prime over BU C. 
As a corollary one can state the following: 


When A # B are two partitions both prime over C the union A U B is prime over 
A and B. 


A maximal chain between two partitions A > B is a chain 
ADA D:D 4,8, 


where each partition is prime under the preceding partition. From the corollary 
of Theorem 17 one derives the following result due to Garrett Birkhoff [1; 
Theorems 19, 20]. 


In the structure of equivalence relations or partitions any two maximal chains 
between two elements A > B have the same length. 


The proof is analogous to the usual inductive proof for the theorem of Jordan- 
Hélder. 
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In connection with these investigations one should also mention the interesting 
studies by Dubreil and Mme. Jacotin-Dubreil [2], [3], [4] on chains of equivalence 
relations for which refinements with isomorphic quotient structures exist. These 
investigations are analogous to and include theories of chains of permutable sub- 
groups in groups. 


8. Commuting equivalence relations. Two equivalence relations EZ, and EF, 
shall be said to commute if any two equivalences 


(18) aE, c¢, c E,b 
imply the existence of an element d such that 
(19) a E, d, d E, b. 


Conversely, in this case the equivalences (19) also imply the existence of a pair 
of equivalences (18). 

Let us express the condition for two equivalence relations EZ, and FE, to com- 
mute in terms of the corresponding partitions P, and P,. We have seen that the 
union FE,  E, is the equivalence relation a E, U E, b which holds if and only if 
a and b are connected by a chain of equivalences 


aE, a,, a, E, a, tee, a, E, b. 
When £, and EF, commute this chain may be reduced to two terms 
ak,a, a, E, b. 


This means that, if A and B are any two blocks of P, and P, respectively both 
contained in the same block V of P, U P, , then A and B overlap. Conversely, 
if any two blocks A and B in V overlap, the two equivalences (18) and (19) will 
hold simultaneously and we have proved 


THEOREM 18. The necessary and sufficient condition that the two equivalence 
relations E, and E, commute is that the corresponding partitions P, and P, have the 
property that their union P, U P, consists of blocks V in which all blocks A from P, 
overlap all blocks B from P, and conversely. 


It is natural to say that two partitions commute when the corresponding equiv- 
alence relations commute. Theorem 18 shows that for the two commuting 
partitions A and B the blocks in the union A LU B consist of blocks A; in A over- 
lapping all B; from B and conversely. Two commuting partitions are therefore 
strongly connected, one by the other, according to the previous definition of 
strong connectedness. It follows, therefore, from Theorem 7 that the Dedekind 
law 


CY\ (AU B) = AU (COB) 


holds for every C > A when A and B commute, and similarly for C D B. 
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From the definition of commuting partitions or equivalence relations the 
following properties are easily deduced: 


(1) If A and B and also A and C commute, then A and B U C commute. 
(2) If A > B then A and B commute. 
(3) If A and B commute and B, > B, then B and A () B, commute. 


(4) If A, > A and B, D Band A and B commute, then A, (\ B and A ( B, 
commute. 


9. Distributive decompositions. Let A be an element in a structure =. A 
representation 


(20) A = VB, 
of A as the union of a finite or infinite number of elements will be called a dis- 
tributive decomposition of A when for any D contained in A one has 


D = VD; ’ 


where D; is contained in B;. This may also be expressed in the form that one 
shall have 


D = V(B;, CO D). 
When 
(21) A= VB; 


is another distributive decomposition of A one can write 


(22) By = V(B; CY B) 
so that one obtains the refinement 


(23) A = V (BS B,) 


of the two distributive decompositions (20) and (21). The refinement is imme- 
diately seen to be a distributive decomposition of A. 

An element A shall be said to be distributively indecomposable when no distrib- 
utive decomposition 


A => B, U B, (B, # A, B, # A) 


exists. We shall now consider distributive decompositions (20) of A into dis- 
tributively indecomposable components B; . Such decompositions must always 
exist if the descending chain condition is satisfied in >. We assume usually that 
the distributive decomposition (20) is reduced, i.e., no B; can be replaced by a 
smaller element so that the decomposition is still distributive. When the elements 
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B,; in (20) are distributively indecomposable the decomposition is reduced if and 
only if no B, is contained in the union of the rest. 
One can prove 


THEOREM 19. A reduced distributive decomposition of an element into distrib- 
utively indecomposable elements is unique. 


Proof. Let (20) and (21) be two such decompositions. To prove Theorem 19 
it is obviously sufficient to show that each component B} in (21) occurs among 
the components B; in (20) and conversely. Since any B} is distributively inde- 
composable it follows that (22) cannot be an essential distributive decomposition 
of B}. Therefore, there must exist a B; such that 


Bi = BEC\ B, 
or B; contains B/ . But similarly there must exist a Bj containing B; and from 
Bi D B; D Bj 
follows 
Bi = B; = Bi. 


A distributive decomposition (20) is said to be direct when each B,; is relatively 
prime to the union B, of the remaining components. 


B:, C\ B, = 0. 


When two direct distributive decompositions (20) and (21) are given there exists 
as before a distributive refinement (23) of the two. An element A is called direct 
distributively indecomposable when no distributive decomposition (23) with B, (\ 
B, = 0 exists. One proves the following analogue of Theorem 19. 


THEOREM 20. A direct distributive decomposition of an element into direct 
distributively indecomposable elements is unique. 


The preceding considerations can all be dualized. Instead of the distributive 
decomposition (20) one obtains the dual distributive decomposition 


(24) A = AC; 


of A as the intersection of elements C; such that for every element M containing 
A there exists a representation 
M = A(C; U M). 
This condition for a dual distributive decomposition (24) can also be stated in 
the form that 
LUA = ALU C;) 


for an arbitrary element L. 
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An element A is dually distributively indecomposable when no dual distributive 
decomposition 


(25) A=BNC (B # A, C # A) 


exists. The dual theorem to Theorem 19 states that, if a distributive decomposi- 
tion (24) of A into dually distributively indecomposable elements C; exists, then 
the decomposition is unique provided it is so reduced that no component C; con- 
tains the intersection of the remaining ones. 

The dual decomposition (24) is direct when for every component C; 

C,UC,; =U, ow AC,. 
i#1 

Furthermore, an element A is direct dually distributively indecomposable when no 
dual distributive decomposition (25) exists in which B\V C = U. The analogue 
of Theorem 20 expresses that the direct dual distributive decomposition of an 
element into such indecomposable components is unique. 

These general remarks may be applied to the structure of all partitions of a 
set. We determine, first, when a partition is distributively indecomposable. It 
follows from Theorem 12 that a distributive decomposition 


A=BUC 


ean hold only when B and C are associable partitions. From the definition of 
associable partitions it is seen that a partition A can always be written as a union 
of two associable partitions provided there exist at least two blocks in A which 
can be subdivided. This shows that a distributively indecomposable partition 
must be singular. Conversely, it is not difficult to see that a singular partition 
cannot be the union of two smaller associable partitions. 

Any partition P(A,) is the direct union of singular partitions 


(26) P =a VP; ’ 


where P; is the singular partition whose only block with more than one element 
is A; . The decomposition (26) may be called the singular decomposition of P. 
Since the singular decomposition is clearly a direct distributive decomposition 
we conclude from the preceding that we have 


THEOREM 21. Jn a structure of all partitions of a set the distributively indecom- 
posable and the direct distributively indecomposable partitions are the same, namely, 
the singular partitions. The reduced distributive decomposition of a partition into 
distributively indecomposable partitions is direct and equal to the singular decomposi- 
tion. 


The dual theory yields little of interest in the case of partitions since one proves 
on the basis of Theorem 14 that every partition is dually distributively inde- 
composable. 
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In connection with the decomposition properties of partitions let us mention 
some other decompositions obtained by means of minimal and maximal parti- 
tions. It is clear that the structure of all partitions of a set has both maximal 
and minimal elements. The maximal partitions are those which consist of two 
blocks. The minimal partitions are singular partitions in which there is a single 
block with two elements. If these two elements of S are a and b the correspond- 
ing minimal partition may be denoted by M,,, . 

Any partition is equal to the union of the minimal elements it contains. A 
partition A contains the minimal partition M,,, if and only if a and b belong to 
the same block in A, or, in terms of equivalence relations, if 


aE, b. 


A basis of minimal elements for the partition A is a set {M,,,} of minimal 
partitions such that 


A=VM., 


and such that no subset of {M,,,} has this property. One way of obtaining a 
basis of minimal elements is the following. In each block A; of A an element a; of 
S is selected. The partitions M,, ,, where b; runs through all other elements of A; 
form such a basis, when taken over all blocks A; . This construction shows that 
every contraction a of the set S associated with the partition A corresponds to 
a basis of minimal elements for A. Obviously there are many other bases. 

Similarly it is seen that every partition A is the cross-cut of maximal partitions. 
Any division of the set of all blocks in A into two complementary sets 


{A;}, {Aj} 
defines a maximal partition N with the two blocks 


Ni=>A;, Na=>d A}. 


This partition N contains A and conversely it is clear that any maximal partition 
of S containing A must be of this form. 

Again one can introduce a basis of maximal elements for A. This is a set {N;} 
of maximal partitions such that 

A = A N, 
k 

is the cross-cut of these partitions while no subset of {N,} has this property. 
Such a basis may, for instance, be taken to consist of all maximal partitions N , 
with the two blocks 


NYP = A;, Ni? =S-A,;, 


where A; runs through all blocks of A. 
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Chapter 2 


1. Complements and relative complements. Let = be a structure with a zero 
element 0 and a universal element U. A complement of an element A is an 


element A such that 
AUA =U, AN\A =0. 


As an example one may take the structure of all equivalence relations in a set S. 
The equivalence relation E is a complement of the equivalence relation E if any 
two elements a and b may be connected by a chain of equivalences 


aEa,, 4,20, a, Ea; , ah a, Eb 


and if furthermore the existence of the simultaneous equivalences 
cEd, cEd 
always implies c = d. 


A structure is said to be complemented when every element has at least one 
complement. Our first result is 


THEOREM |. The structure of all equivalence relations or partitions is comple- 
mented. 


Proof. Let A be an arbitrary partition whose blocks we shall denote by A, . 
In each block A; we choose a single representative a; and denote the total set {a,;} 
by A, . The singular partition A in which J, is the only block with more than 
one element is seen to be a complement of A since one verifies that 


AUVA =U, AN\A =0. 


This proof even shows that one can always take the complement as a singular 
partition. 

It may also be observed that the existence of a singular complement in the 
structure of partitions is equivalent to the axiom of choice. This remark is of 
some interest since it may be considered to give an algebraic formulation to the 
axiom of choice. 

Let A > B be two elements in a structure. We shall call an element A‘”’ a 
complement of A with respect to B when 


AUA™ =U, At\\A™ = B. 


A structure shall be said to have relative complements when any A has a comple- 
ment with respect to any B contained in it. 
Similarly, we shall call B‘“’ a dual complement of B with respect to A when 


BUB™ = A, BOB” =0 
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and the structure shall be said to have dual relative complements when every 
element B has a dual complement with respect to any A in which it is contained. 
We next prove 


THEOREM 2. The structure of all equivalence relations or partitions has both 
relative complements and dual relative complements. 


Proof. Let A be a partition containing another partition B so that each block 
A; in A contains a certain number of blocks B; of B. We construct a relative 
complement A‘”’ of A with respect to B in the following manner. In each block 
A; of A we choose a single block B; and put 


C=) B;. 
The blocks in A‘” shall be C and otherwise this partition shall coincide with B. 
One sees immediately that 
AUA” =U, AN\\A”® = B. 


To construct the dual complement B“ of B with respect to A we consider a 
block 


A; = > a 


i 
in A. In each block BS” contained in A; we choose a single element c{” and 
form the sets 


C= Des". 
The partition B™ shall consist of the blocks C; and otherwise only single ele- 
ments. On the basis of this construction one sees that 
BUB™ = 4, BOB” =0 


and Theorem 2 is proved. 
We shall say finally that a structure is completely complemented when to any 
three elements 


AYDBDC 
there exists an element B, ¢ such that 
BU By =A, BO\ Bic = C. 
Then one can state further 
THEoREM 3. The structure of all partitions is completely complemented. 


The proof of this theorem may be given by construction. It may also be based 
upon the following lemma which is useful for other purposes. 
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Lemma. Let A be any partition and U the universal partition of a set S. The 
quotient structure U/A in the structure of all partitions of S is isomorphic to the 
structure of partitions of the set whose elements are the blocks in A. 


The correctness of this assertion is seen immediately. Furthermore, the lemma 
reduces Theorem 3 to Theorem 2. 


2. Dedekind complements. A new and stronger concept of a complement 
will now be introduced. A complement A of an element A in a structure > 
shall be called a Dedekind complement when it has the following two properties: 


(1) Any B containing A has the form B = A U (BQ A). 
(2) Any C contained in A has the form C = A (\ (CU A). 


The condition for a Dedekind complement may also be stated equivalently 
by requiring that the regular structure correspondence 


Bo BOA, CH AUC 
shall establish a structure isomorphism 
(1) A =A/0O=U/A. 


We shall not study in detail the properties of structures with Dedekind comple- 
ments. It may only be mentioned that such structures must have dual relative 
complements and also if A/B is an arbitrary quotient structure in = there must 
exist an element A, such that 


Ae = A,/0 = A/B 
by a regular structure correspondence. 


We prove 


THEOREM 4. The structure of all equivalence relations or partitions has Dedekind 
complements. 


This theorem may be derived directly or it may be obtained as a consequence 
of Theorem 16 of Chapter 1. In this theorem it was established that one has 


AU B/B=A/AM\B 


by the regular structure correspondence if and only if in every block V of AU B 
there exists a block A, overlapping all blocks B; in V while all other blocks A, 
in V are entirely contained in blocks B;. 

When one assumes, in particular, that A \U B = U there exists only a single 
block V = S and consequently one has 


U/B = A/AC\B, U=AUB 
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by the regular structure correspondence if and only if there exists a block A, in 
A overlapping all blocks B; in B, while no other block A; in A overlaps two 
blocks B;. Similarly, one has 


AU B/B= A/0, A(\B=0 


by the regular structure correspondence if and only if for each block V in A U B 
there exists a block A, in A having a single element in common with each B; in V 
while all other blocks A; contained in V are single elements. 

When these remarks are applied to (1), Theorem 4 follows immediately. We 
also state 


TueoreM 5. The necessary and sufficient condition that A be a Dedekind com- 
plement of a partition A is that A be a singular partition. 


It may be observed that any singular partition can be considered to be a Dede- 
kind complement of some partition. This gives a structural characterization of 
the singular partitions. 

Relative Dedekind complements and dual relative Dedekind complements can 
also be defined. In the structure of partitions the existence and properties of 
such complements may be easily derived from previous results. 

Another important problem in the theory of partitions is closely connected 
with the Dedekind complements. Let A be some partition and C = {c,} a set 
of elements such that there is one ¢; in each block A, of A. We shall call C a 
set of representatives for A. The choice of a set of representatives for A is ob- 
viously equivalent to the determination of a Dedekind complement for this 
partition. Now let A and B be two partitions. For many problems it is neces- 
sary to know when there exists a common set C of representatives for the two 
partitions. This requires that it be possible to enumerate the blocks A, and B; 
in A and B respectively in such a manner that A; and B; overlap. One obtains 
a set of common representatives by selecting c; in the non-void intersection 
A,-B;. One can obviously state 


THEOREM 6. Two partitions A and B have a set of common representatives if 
and only if they have a common Dedekind complement. 


Various results on the existence of sets of common representatives have been 
obtained. Among the most important is the following theorem of Kénig [7], [8]. 


Let A and B be two partitions, both with the same finite number n of blocks. If, 
fork = 1, 2,---+,m, any k of the blocks A; overlap at least k of the blocks B; , then 
there exists a set of common representatives. 


The theorem of Kénig was proved first by means of the union graph. Several 
other proofs have been given. We shall only mention a particularly simple one 
given by Maak. Recently the theorem of Kénig has been extended by Schmush- 
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kovitch [14]. He proves that there exists a set of common representatives when 
the following two conditions are satisfied: 


(1) Any k = 1, 2, --- blocks of one partition cover completely not more than 
k blocks of the other. 

(2) Every block of one partition is covered completely by a finite number of 
blocks from the other. 


3. Examples from group theory. Partitions of mathematical systems have 
been studied particularly in connection with the theory of groups. Among the 
many types of partitions or class-divisions which are of importance in group 
theory we shall discuss here only the so-called co-set expansions and even these 
quite briefly, mainly in order to illustrate some of the concepts already intro- 
duced. 

In the following, let G denote a fixed group. Any two subgroups A and B 
have a cross-cut A (\ B consisting of their common elements and a union A  B 
which is the subgroup generated by the elements in A and B. The cross-cuts 
and unions may be extended to any number of subgroups so that the subgroups 
of a group form a complete structure. 

With every subgroup A of G there are associated two partitions, the right and 
left co-set expansions 


(2) G=) 9A =D Agi, 


where g; and g/ are certain representatives in each co-set or block. We shall 
denote the two partitions (2) of G by P, and 4P respectively. 

Let us now consider the combination of the two partitions P, and Ps; defined 
by the right co-set expansions of G with respect to two subgroups A and B. If 
two co-sets in these expansions have an element g in common the co-sets may 
be assumed to be gA and gB so that their common elements are g(A (\ B). 
This shows that the cross-cut of the two partitions P, and P, is the co-set expan- 
sion P,4,,. Next let us consider the partition union P, and P, of the two co-set 
expansions. If a block in this union contains an element g it must contain the 
block gA to which g belongs in P, and also the corresponding block gB in Py. 
This shows that the same block in the union must also contain all the product sets 


gABAB --- = g(A U B) 
and since g(A  B) is a sum of co-sets both in P, and in P, one has 
P,\) Py @ Piys. 


Thus we have obtained the following theorem. (This result is well known. It 
is stated in [1], [2], [3], [4].) 


THEOREM 7. There exists a structure isomorphism between the structure of sub- 
groups of a group and the structure of partitions defined by the right (left) co-set 
expansions in the group. 
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This theorem also states that the structure of all subgroups is isomorphic to a 
substructure of the structure of all partitions of the group. 

In connection with Theorem 7 it is of interest to establish what some of the 
previous conditions on partitions express in the special case of co-set expansions. 
According to the definition, a co-set expansion P, is strongly connected by means 
of another co-set expansion P, when to any two co-sets in P, which belong to 
the same block in P,,, there exists a block or co-sets in P, overlapping both. 
Let g be an arbitrary element in some co-set with respect to A \U B. Any other 
element g’ in the same co-set has the form 


g’ - t?F (p = a,b,debp - +: a,b,), 


where the a; and 6; are elements in A and B respectively. When there exists a 
co-set with respect to B which overlaps both gA and g’A there must exist two 
elements ga, and g’aj, which differ only by a right factor b). From 


g9agbo = g’a, = gpay 
it follows that the arbitrary element p in A  B can be written in a form 
(3) p = aba’. 


Conversely, when this is the case it is clear that the partition P, is strongly 
connected by means of P, . Furthermore, in order that an arbitrary element in 
A U B have the form (3) it is sufficient to require that any product bab’ have 
this form. This leads to the following result. 


THEOREM 8. Let A and B be two subgroups of G and P, and Pz, the partitions 
of G defined by the corresponding right co-set expansions. Then the partition P, is 
strongly connected by means of Pz if and only if for any b, and bi in B and a, in A 
there exist elements b. in B and a, and ai in A such that 


b,a,bf = azb.a . 


One can also express the condition of this theorem in the form that the union 
of A and B be the product ABA. 
According to Theorem 7 of Chapter 1, the Dedekind relation 


(4) CYV\ (AU B) = AU (CO B) 


holds for any subgroup C containing A when P, is strongly connected by means 
of P,; . This yields 


THEeorEeM 9. Let A and B be two subgroups of a group. Then the Dedekind 
relation (4) holds for all subgroups C > A when the union of A and B is the product 
set 


AUB=A-B-A. 


The result expressed in this theorem is of some interest since it gives a less 
restrictive condition for the Dedekind relation in groups than the one ordinarily 
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used, namely, that A and B shall be permutable subgroups. The theorem can 
also be verified directly. It is obviously sufficient to prove that the subgroup 
A U (B\ C) contains the subgroup C (\ (A U B) because the converse is 
trivial. Let c be an element in C (\ (A U B). Since P, is connected by means 
of Pz one can write c in the form 


c= a,b,a, ; 
or 
b, = a,'-caz' CCC\B; 
hence c belongs to A U (Bf) C). 

Two partitions P, and P, were said to commute if in every block of P4y, any 
block of P, overlaps every block of P; and conversely. If p is an arbitrary 
element in A UU B, two arbitrary elements in the same block of P,,, may be 
assumed to have the form g and g-p and belong to the co-sets gA and gpA in P, . 
If there exists a co-set g-B in P, containing g and overlapping gpA there must 
exist an element b in B such that 

g-b = g-p-a; 
hence any p in A LU B has the form 
p =a,-b,. 
In the usual terminology of group theory, the two subgroups A and B are said 


to be permutable in this case so that we have [4; Theorem 2] 


THEOREM 10. The necessary and sufficient condition that the two partitions P, 
and P, commute is that the subgroups A and B be permutable. 


We shall now consider the combination of right and left co-set expansions. 
Let A and B be subgroups as before and ,P the left co-set expansion with respect 
to A and P, the right co-set expansion with respect to B. In order to determine 
the cross-cut of these two partitions let Ag and gB be two of their blocks contain- 
ing a common element g. The other common elements of the two co-sets must 
be of the form 


d=a-g=Q°b; 
hence a belongs to 
A C\ gBg™ 
and b to 
BC\ g"'Ag. 
The blocks in the intersection of ,P and P, are therefore the left and right co-sets 


g: (BO g*Ag) = (AX gBg™')-g. 
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When g is an element in a block of the union ,P LU Ps, one sees that the same 
block must contain all the elements in the double co-set AgB. Conversely, this 
double co-set is a sum of left co-sets of A and right co-sets of B so that we have 
obtained 


THEOREM 11. Let ,P and Py be the left and right co-set expansions of a group 
G with respect to the subgroups A and B respectively. The cross-cut 4P (\ Px, of 
the two partitions consists of the blocks 


g(B MO g'Ag) = (AM gBg"')g 
while the union is a double co-set expansion 


G = > AgB. 


From the point of view of the theory of partitions there exists the following 
interesting relation between the right and left co-set expansions. 


THEOREM 12. The partition 4P of a left co-set expansion always commutes with 
the partition P, of a right co-set expansion and conversely. 


Proof. We have seen that the blocks in the union ,P U Ps, are double co-sets 
AgB. Any element g, in this double co-set generates it in the sense that one can 
obtain any other element g. in AgB by multiplying g, on the left by an element a 
and on the right by an element b. But this statement is seen to be the same as 
saying that any block in ,P overlaps any block in P, in AgB and conversely. 

When a block in ,P LU P, contains the same finite or infinite number of blocks 
of ,P and P, one can establish a one-to-one correspondence A, = B, between 
these two co-sets. A common representative element can then be chosen for A, 
and B, from the non-void intersection A,-B, , so that one can write 


AgB = 3) Aga = X0 ga°B 


with the same right and left multipliers. This remark applies particularly to 
the case where A and B are finite groups with the same order, since for such a 
group AgB is also a finite set. We have deduced therefore the following theorem 
of G. A. Miller [9], [10]. 


Let A and B be finite subgroups of the same order in a group G. Then there exists 
a set of common representatives g. for the left and right co-set expansions of G with 
respect to A and B so that 


G= > Age = Dd, g2B. 


This theorem can be extended immediately to the case where A and B are sub- 
groups with finite indices because in this case, as it is well known, G can be 
represented homomorphically as a finite substitution group. 

The theorem of Miller is not true in general for infinite subgroups, not even 
in the important special case A = B. This follows from an example given 
recently by Shii [15]. 
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Chapter 3 


1. Correspondences and inverse correspondences. The theory of partitions 
is closely connected with the theory of correspondences of sets. We shall now 
study the partitions from this point of view. Let a be some correspondence which 
takes each element a of the set S into some uniquely defined element a* . In 
general, several elements a may correspond to the same element a* and the set 
of images S“ is usually a proper subset of S. 

To any correspondence a one can introduce an inverse correspondence a”. 
For any subset A of S we shall denote by A* “ the set of all elements in S whose 
image under a lies in A. This may also be stated thus: B = A“ is the largest 
subset of S such that 


B* = (A*")* = A-S*. 


The two correspondences a and a™' determine each other uniquely. While a is 
a many-to-one correspondence the inverse correspondence may be termed a one- 
to-many correspondence. 


The correspondence a@ is determined when it is known which set of elements 
(1) C.=a* 


corresponds to a given element a. Let us notice that if A, and A, are disjoint 
subsets of S the two sets Af ‘ and A‘ are also disjoint. When this remark 
is applied to the sets (1) it follows that the sets (1) are disjoint and form the 
blocks in a partition of S. Thus there exists for every correspondence a a unique 
associated partition 


P, = P,(C,). 


The associated partition P, is the complete partition of S if and only if a is a 
one-to-one correspondence of S to a subset. 

Two correspondences a and £ of the set S to subsets S* and S* shall be said 
to be conformal when they are associated with the same partition. Two con- 
formal correspondences a and 6 each associate a single element with each block 
C in the corresponding partition. This leads to 


THEOREM 1. The necessary and sufficient condition that the two correspondences a 
and B be conformal is that 


B = Toa, 
where 7» is a one-to-one correspondence between S* and S* . 
Let a, 8 and y be three correspondences of the set S to subsets such that 


a=B-y, a= (a's 
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In this case we shall say that a contains 6 and y as left and right factors respec- 
tively. Since as ¥ ay must imply a? =~ a? it follows that one can have a” = b” 
only when a* = b*. This shows that when ¥ is a right factor of a the associated 
partition P, must be contained in the partition P, . Conversely we can show 
that this is a sufficient condition for y to be a right factor of a. Let us suppose 
namely that P, > P, for two correspondences a and y. Then each block A; in 
P., is the sum of certain blocks C;,; in P, 


ys eee 


Let us write further 


so that 


A correspondence 8 such that a = 8-y can now be defined by putting 
cj = Gy 
and letting 8 be defined arbitrarily for all other elements in S. This proves 


TuHEeoreM 2. Let a and y be two correspondences of a set S to subsets. Then y is 
a right factor of a if and only if the partition P., associated with a contains the parti- 
tion P.,, associated with +. 


One can also ask analogously when a correspondence is a left factor of another 
correspondence a. In this case one concludes from 


S* = (S’ 
that S* > S* and this condition can also be shown to be sufficient for a left factor. 
To demonstrate this, let a be any element in S* and 

A, =a", B, =a" 

In each B, we choose a single element b, and define the correspondence y con- 
formal to a by putting 

i ah. 
It follows immediately that 

(A7¥ = =a 

so that a = B-y. We have obtained 


THEOREM 3. Let a and 8 be correspondences of a set S to subsets S, and Sz. 
The necessary and sufficient condition that 8 be a left factor of a is that S° D> S*. 
When in this case a = 8-y the correspondence y may be taken to be conformal with a. 
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2. Contractions. Let P = P(C) be a partition of the set S. To any such 
partition there exists a correspondence 7 having P = P,, for its associated parti- 
tion. This correspondence can, for instance, be chosen in the following particular 
manner. In each block C we choose a single representative element cc . A 


correspondence ¥ is obtained by letting each element in C correspond to ce , 
hence 


C, = Cc € GC. 
A correspondence of this type shall be called a contraction of the set S. From 


the definition of a contraction and from Theorem 1 follows directly 


THEOREM 4. To any partition P there exist contractions with P as its associated 


partition. Any correspondence a is conformal with a partition y and can be written 
in the form 


a= T°; 
where y is a one-to-one correspondence between the subsets of S. 


The contractions can also be characterized in another manner. Let us say 
that a correspondence y of a set S to a subset S” is idempotent when 7° = y. 
Then we can show 


THEOREM 5. Any contraction is idempotent and conversely any idempotent 
correspondence of S to a subset is a contraction. 


Proof. The first part of the theorem follows immediately from the definition 
of a contraction. To prove the converse let 7 be an idempotent correspondence 
and a some element in S’. In this case the set C, = a’ * is not void and one finds 


a= (a” *)’ oo Gy" = q’ 
so that 
Co. ¢4€, . 


The product of two contractions is usually not a contraction. We shall now 
determine the conditions for this to be the case. We consider two contractions 
a and 6 of the set S with the corresponding partitions P, and P,. Let Ao be 
some fixed block in P, with the representative element a, under a. We assume 
that A, contains the representative elements b),; under 8 of certain blocks By; 
in Ps. When 


(2) C. = >> B,.; 


is the sum of these blocks one obtains 


. = (d By, :)"* ” >> bos = A 
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so that C, is the set of all elements having the image a, under the correspondence 
a8; hence C, is a block in P,,. This shows that a is a contraction if and only 
if a, belongs to C, and therefore also to some B,,; having its image bo,; under 
Bin Ay. 

In order to simplify the formulation of this and the following results, let us 
say that for two contractions a and 8 the two blocks A in P, and B in Py are 
paired if their representative elements a and b under a@ and 8 respectively both 
belong to the intersection A-B. We can then state the preceding result as 


THEOREM 6. Let a and B be two contractions of the set S with the associated 
partitions P(A) and P,(B). The product a is a contraction if and only if every 
block Ay in P, containing at least one representative element b under B is paired 
with some block B, . 


This result may be stated in somewhat different forms. For instance, corre- 
sponding to any representative element b under 8 there shall exist a particular 
representative element by such that 


8 
b*° = bb =a, a = bo, 


where a, is a representative under a. One can also say that corresponding to 
every b there will exist a b) such that 


b* = be, bf" = bh. 


It can be shown easily from Theorem 6 that to a given contraction 8 one can 
always determine another contraction a with an arbitrary prescribed associated 
partition P = P, such that a is a contraction. 

One deduces directly from Theorem 6 the following 


THEOREM 7. Let a and B be two contractions. The necessary and sufficient condi- 
tion that a8 and Ba both be contractions is that the blocks in P(A) and P;(B) 
either be paired, or that any non-paired block A shall not contain any representatives 
from B and have its own representative under a in a paired block B and similarly 
for any non-paired block B. 


A consequence of Theorem 7 is 


THEOREM 8. For any two partitions there exist associated contractions a and B 
such that a8 and Ba are also contractions. 


Proof. Let P,(A) and P,(B) be two partitions. We shall prove first that the 
blocks in any two partitions can always be paired in such a way that any two 
paired blocks A and B overlap while no non-paired block B can overlap any non- 
paired A. To prove this statement let us assume that the blocks P,(A) are well- 
ordered. To any A, we pair some block B,. which overlaps A, and which has 
not been paired with any previous block A. If no B,. of this kind exists, A, 
remains non-paired and it is obvious that it does not overlap any non-paired B. 
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After this pairing of blocks has been completed, no remaining non-paired B can 
overlap a non-paired A because otherwise the two could have been paired. 

After this auxiliary result has been established one can determine the contrac- 
tions a and 8 such that for a pair of sets A and B a common representative under 
a and 8 is selected in the intersection A-B. For the non-paired blocks A we 
choose the representative under a in one of the paired blocks B which it overlaps 
and similarly for a non-paired block B. The conditions of Theorem 7 are seen 
to be satisfied and Theorem 8 is proved. 

Let us finally determine the conditions for two contractions a and 8 to com- 
mute. 


aB = Ba. 


When this condition is satisfied the product a8 is obviously idempotent so that 
we have a special case of the situation considered previously in Theorem 7. 
According to Theorem 2 one must have 


Pap J Pr. ; Fost a Ps; 
so that 
Pop > Pa U Py. 


On the other hand, it is clear that by the successive application of the contraction 
a and the contraction 8 to the elements in a block C of P, UU Ps, one obtains a 
single image also contained in C so that one actually has 


Pa = P,UP;. 


To determine the further necessary conditions for a and 8 to commute, let us 
turn to the expression (2) for the blocks in the partition P,,. One sees that all 
the blocks B,,; in Cy have their representatives under 8 in the same block Ay . 
This means that when a and 8 commute there must exist in each block C of 
P., U Ps some block A, overlapping all blocks B in C and containing all repre- 
sentatives under 8 of these blocks B. For reasons of symmetry there must also 
exist a block B, overlapping all blocks A in C and containing all their representa- 
tives under a. Furthermore, if a) is the representative of Aj under @ and by the 
representative of B, under 8, then one must have 


8 Ba 
Cy =a = C* = bo 


so that A, and B, have the same representative. Conversely, let us assume that 
in any block C of P, U Ps there exists a single block A, containing the repre- 
sentatives under £ of all the blocks B in C and similarly a single block B, con- 
taining the representatives under a of all the blocks A in C. Then if Ay and B, 
have the same representative under a and 8 respectively, it is clear that a and 8 
commute. This leads to 
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THEOREM 9. Let a and 8 be two contractions with the associated partitions P , 
and Ps. The necessary and sufficient condition that a and 8 commute is that 


Pag =P,UPs 


and in any block C of Pg there exist blocks Ag and By of P., and Pz respectively with 
a common representative 


c= At = BE 


and such that all blocks B of Ps in C have their representative in Ao and all blocks A 
of P.. have their representative in By . 


An immediate consequence of this theorem is 


THEOREM 10. Let P,(A) and P,(B) be two partitions. The necessary and suffi- 
ctent condition that one can define commuting contractions a and B associated with 
them is that in every block C in P,\U P, there exist a block Ay overlapping all blocks 
B and a block B, overlapping all A. 


In this case the two partitions are obviously strongly connected according to 
the definition of this concept. Two commuting equivalence relations or parti- 
tions P, and P, had the characteristic property that any A overlapped any B in 
the same block C of the union, and similarly any B overlapped any A. Thus 
one can associate commuting contractions with commuting partitions, but the 
converse is not necessarily true. 


3. Automorphisms and endomorphisms of equivalence relations. Let a be a 
one-to-one correspondence or the transformation of the set S into itself. We 
shall say that a is an automorphism of the equivalence relation E when any 
equivalence 


aEb 
implies 
a“ E b*, a Eb . 


This means that two elements a and b which belong to the same block A in the 
partition P, defined by E cannot be transformed into elements belonging to two 
different blocks by a or by a. This remark leads to 


THEOREM 11. A transformation a is an automorphism of the equivalence relation 
E if and only if every block A in the associated partition Px is transformed into other 
blocks A* and A*™ of Py by a and a™. 


The set of all automorphisms form a group W%(£), the group of automorphisms 
of the equivalence relation EZ. In order to determine this group in explicit form 
let us first divide the blocks in the partition P, associated with E into subfamilies 
P, = P,(C;) in such a manner that each subfamily P; consists of those blocks in 
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Py whose number of elements has the same cardinal number 7; . Let us also 
write S; = >> C; for the sum of the sets in one of these subfamilies. By an auto- 
morphism a of E a block C; must obviously always be transformed into another 
block Cf in the same subfamily P;. This shows that any automorphism a can 
be written as a product 


a=|[a,, 
i 


where a; transforms the set S, into itself and leaves all elements outside of S; 
invariant. An equivalence relation shall be called homogeneous if all its blocks 
contain the same cardinal number y of elements. The group of automorphisms 
of EF is therefore a direct product 


(3) u(Z) =[] XE.) 


of groups of automorphisms %(#;) where E,; is the homogeneous equivalence 
relation defined in the set S; by the blocks C; of the family P; . 

Through the expression (3) the determination of the group of automorphisms 
has been reduced to the case of a homogeneous equivalence relation E. We now 
suppose therefore that the partition P = P(C;) associated with E has « blocks, 
each containing y elements, where x and y may be arbitrary cardinal numbers. 
Let a;,; be some one-to-one correspondence between the elements in the two 
blocks C; and C; and let us denote this fixed correspondence simply by C; — C; . 
Furthermore, let 7; be arbitrary transformations of the set C; into itself. It is 
then clear that any automorphism of E can be written formally as a generalized 


permutation 
( a Eee ) 
a 4] . . 
Ti, » Ui,» Tis 7. 2% 


The group consisting of all generalized permutations 


( %.&)**.e ) 

T12i, 5 Telia» °° *» Tekin J 

where each variable is transformed into some other variable multiplied by a 
factor r belonging to a group 7’, is called a complete monomial group over T. It 
may be denoted by ~,,(7’) where T is called the coefficient group. Without 
going into the details it is not difficult to see that the group of automorphisms 
of a homogeneous equivalence relation E is a complete monomial group 2,(G,) 
where the coefficient group G, is the symmetric group on y elements. (A fairly 


complete theory of monomial groups can be found in [13].) We can state, 
therefore, 
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THEOREM 12. Let E be an equivalence relation, and let the associated partition 
Px for each i contain «x; blocks with y; elements, where «x; and y; may be arbitrary 
cardinal numbers. Then the group of automorphisms of E is a direct product 


w(E) = T] AE) 


where each factor is a complete monomial group 
W(£;) = =,,(G,,), 
where the coefficient group G; is the symmetric group on y; elements. 


Ya 


A correspondence a of the set S to a subset S* will be called an endomorphism 


of the equivalence relation E if any equivalence 
aEb 
implies 
a* E b*. 
The product of two endomorphisms is another endomorphism so that the endo- 


morphisms form a multiplicative system of correspondences, the endomorph (EF) 
of E. An endomorphism can obviously be characterized by 


THEOREM 13. A correspondence a is an endomorphism of the equivalence relation 
E if any block C in the associated partition P, corresponds under a to some subset 
of some other block C’ of the same partition. 


All endomorphisms of E can therefore be obtained by first selecting a certain 
number of fixed but arbitrary blocks C’ in P, . One constructs a by letting each 
C in P, correspond in some manner to a subset of one of the blocks C’. 


4. Representation of associative systems by correspondences. Let 3% denote 
some multiplicative system in which the multiplication satisfies the associative 
law 


(ab)c = a(bc). 


Any such system can be represented by means of correspondences of the set IN 
by associating with each element a the correspondence y, defined by 


(4) r—-ar= 2”. 
The association 
ao 


shall be called the regular representation of NM. The regular representation is a 
homomorphism of SM since 


gite 7 = ie""}"" = (ba)** = abx = ge" 
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so that 


Ya°VYo = Yao - 


The regular representation is an isomorphic representation of IN provided a # b 
implies y, # y, . This requires that if a  b there exist at least one element x 
such that 


ax ~ br. 


This condition is always satisfied when 9M has a unit element. If this is not the 
case, a unit element e can be adjoined to M and for the enlarged system there 
exists an isomorphic regular representation. This proves that every associative 
system can be represented isomorphically by means of correspondences. 

These considerations may be applied to systems with a so-called algebraic set 
operation. Such a system 9M possesses an operation a  b, for instance, called a 
union, which has the following three properties of being: 


(1) idempotent: aU a = a, 
(2) commutative: a U b = b Ua, 
(3) associative: (aU b) Ve =aU (bU ce). 


Any such system may be considered to be a partially ordered set when one puts 
a —> b whenever a LU b = a. Its regular representation is isomorphic since 


aUr=bU2 
for all x in SW implies 
a=aVa=bUa=b)UD=b. 


It follows from the preceding statements that the correspondences in the repre- 
sentation-are all contractions, and since they commute they satisfy the special 
conditions of Theorem 9. 

This procedure may also be applied to represent a structure by means of con- 
tractions. In this case one obtains one representation by means of the union 
and another by means of the cross-cut. These two are not the same. Let us 
consider, for instance, the representation defined by means of the union. Since 
a contraction is associated with a unique partition, every element a in the 
structure = also becomes associated with a partition P,. Conversely one verifies 
that a is uniquely defined by P, . If, namely, a # b then P, # P, since one 
finds that the block in P, to which the cross-cut a ©) b belongs consists of the 
elements contained in a while the corresponding block in P, consists of the 
elements contained in b. The correspondence a = P, may be called the union 
partition representation of =. From Theorem 9 one concludes that one has 


aUVb2P,UP,. 


Thus one has imbedded the structure = in the structure of partitions of = in 
such a manner that unions and hence also order are preserved. Usually this 
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representation a = P, is not a structure isomorphism. A block in the partition 
P, C\ P, consists of all x such that 


(5) a\/z,=a\/z, bUa=bUz2 


for some fixed x, . On the other hand, the partition P,,., consists of alt blocks 
of all elements x such that 


(6) (af\ b)\U a = (a) b) Use. 
From (6) one can always conclude that the relations (5) hold so that one has 
Penk i Cr) P, . 


But when > is a distributive structure, (6) is a consequence of (5) so that we 
can state 


THEOREM 14. Jn a distributive structure = the correspondence a = P,, between 
an element a of = and the union partition P, is a structure isomorphism. 


Chapter 4 


1. Geometry of partitions. We shall consider the problem of giving an axio- 
matic characterization of the structure of partitions and equivalence relations. 
This part of the theory of equivalence relations can be formulated in different 
ways. We shall prefer here a geometric form which brings the results into an 
interesting relation with other more familiar geometric theories. 

In the following, we shall study a certain basic set G which we shall call the 
geometric system. The elements in G shall be called points. With every pair of 
different points P, and P, in G there will be associated a unique set I(P, , P2) of 
elements in G. This set 1(P, , P.) we shall call the line defined by P, and P, . 

Certain axioms will now be imposed upon the properties of these lines and the 
final goal is to show that these axioms suffice to identify our geometric system 
with the structure of all partitions of some set S. 

Our first axiom is 


Axiom 1. The line l(P, , P2) contains the points P, and P, and at most on 
further point P, . 


Two points shall be called related when the line they define contains three 
points. Otherwise they are unrelated. Three points P, , P, and P; on a line shall 
be said to be collinear. When P; is the third point on a line I(P, , P:) we shall 
write 


P; = B(P, ’ P») 


and call P, the bond between the related points P, and P, . 
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The next axiom is 


AxtoM 2. Any two points on a line define the same line. 
This axiom states that for collinear points P, , P, and P; one has 
UP, , Ps) ™ UP, , Ps) - UP; , P,). 


Thus if (P, , P,) is a related pair of points the pairs (P, , P;) and (P; , P;) are 
also related. Furthermore, one has 


P, = B(P, , P2), Pi = B(P2, Ps), P2 = B(Ps , Ps) 


and any one of these three relations implies the two others. 
An immediate consequence of Axiom 2 is: 


Two different lines have at most one point in common. 


Before we proceed further into this quasi-geometrical theory it might be well 
to clarify its relation to the structure of all partitions of a set. This will also 
elucidate the reasons for introducing the subsequent axioms. The minimal 
partitions or points P among the partitions of a set S are the singular partitions 
with one block containing two elements of S. When these two elements are a 
and b we shall write P = P,,,. We introduce the line defined by two minimal 
partitions P and Q as the set of minimal partitions contained in the union P LU Q. 
One sees that two minimal partitions P,,, and P.., are related if and only if c or 
d is equal to one of the elements a or b. Thus P,., and P,,, will be the general 
form for two related minimal partitions and their third collinear minimal element 


Is 


i = B(P.. ; Peak 
After these remarks we return to the general case and assume further 


Axiom 3. Let P, , P, and P; be collinear points and R a point not on this line 
such that the line l(R, P,) contains three points. Then one and only one of the lines 
UR, P,) and UR, P;) will contain three points. 


This condition may also be stated in the form that if R is related to one of 
the three collinear points it is related to one and only one of the others. 

We shall now introduce a concept which is fundamental for the following 
theory. Let P, , P, , P; be collinear points. All points R different from P; such 
that the lines 1(R, P,) and 1(R, P,) contain three points will be said to constitute a 
star. We shall denote the star by o(P, , P.) and by special definition we shall 
include the points P, and P, (but not P;) in it. According to Axiom 3 a point R 
different from P, , P, and P; can at most belong to one of the stars 


o(P, , Pz), o(P2 , Ps), o(Ps , Pi). 
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Consequently any two of these stars have only one point in common; for instance, 
o(P, , P,) ando(P, , P;) have P, in common. 
In order to prove a fundamental property of the stars we must assume further 


Axiom 4. Let P, , P, , P; be collinear points and Q and R points outside this 
line such that the lines 


l(Q, P,), l(Q, P,), KR, P,), L(R, P,) 
contain three points. Then the line l1(Q, R) will contain three points. 


This axiom states that if Q and R are two points belonging to the same star 
then they are related. 
On the basis of Axiom 4 one proves: 


When R is a point belonging to a star o(P, , P2) then 
(1) o(P, , P2) = o(R, P,). 


Proof. First it is clear that P, and R belong to both these two stars. Further- 
more P, is also contained in the second star (1) since P, is related to both R and 
P, and one cannot have P, = 8(R, P,) since this would imply R = 8(P, , P2), a 
case excluded by the definition of a star. Next let Q be some other point con- 
tained in the staro(P; , P.). According to Axiom 4 the point Q is related to both 
P, and R; hence Q belongs to the star o(R, P,) provided one does not have 
Q = A(R, P,;). But Axiom 3 shows that this is impossible since the point P, 
would be related to the three collinear points P, , R, Q. In the same manner 
one shows that every point Q in o(R, P,) belongs to o(P, , P,) and the identity 
of the two stars (1) is shown. 

The preceding result implies the following important property. 


Any two points in a star determine the same star. 


Proof. Let o(P, , P2) be the given star and Q and R points contained in it. 
According to (1) one concludes 


o(P, , P2) = o(P, , R) = o(Q, R). 
We state further: 
Any two different stars can have at most one point in common. 
Proof. If they had two points in common they would be identical. 
A point cannot belong to more than two stars. 


Proof. Let P, be the given point. If P, belongs to a star there must exist 
three collinear points P, , P, , P; and P, belongs to the two stars o(P, , P.) and 
o(P, , P;). To see that it cannot belong to any other star we observe first that 
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this star could be represented in the form o(P, , R). The point R would then 
be related to P, , hence also to one of the points P, and P,; according to Axiom 3. 
But if R is related, for instance, to P, the preceding results give 


o(P, , R) =o(P, , P2). 
Two points are related if and only if they belong to the same star. 


Proof. If they are unrelated they cannot both belong to the same star and 
if they are related they define a star to which they both belong. They cannot 
then both belong to some other star. 

Two stars shall be said to be connected when they have a point in common. 
We are able to prove on the basis of the previous axioms the following transitive 
property of connectedness. 


When the star o, is connected with the star o. by the point P,,. and o, with the star 
o; by the point P.; , then o, is connected with a; by the point 


(2) Py 3 = B(Pi.2 , P, 3). 


Proof. Since P,,, and P,,; both belong toa, they are related; hence the collinear 
point P, , defined by (2) exists. We shall have to show that P,,, belongs both too, 
ando;. In order to show that P,,; belongs too, , let Q denote an arbitrary point 
in o, different from P,,.. Since Q is related to P,.. it must be related to one of 
the points P,,, and P,; according to Axiom 3. But if Q were related to P,,, it 
would belong to the star 


esa o(Pi 2 ’ P33) 


and one would have Q = P,,. contrary to assumption. Therefore Q is related to 


P,, and soit belongs to the staro(P,, P,,3). But then P,,; belongs to the same 
star 


o(Pi 2 ’ P,.3) = o(P; 2 ’ Q) =a. 


Similarly one proves that P,., belongs to a; . 
We now introduce the final axiom. 


Axiom 5. For any two points P and Q such that the line l(P,, Q) contains only two 
points there will exist a third point R so that both the lines 


UP,R), UR, Q) 
contain three points. 


This axiom states in other terms that for any two unrelated points P and Q 
there will exist a point R related to both of them. 
When Axiom 5 is assumed it is possible to prove: 


Any two stars are connected. 
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Proof. Leto, and ¢, be two stars and P and Q a point in each of them. <Ac- 
cording to Axiom 5 there exists a point R related to both P and Q. But then 
the stars 

M7, o(P, R), a(R, Q), C2 
form a series in which each star is connected with the preceding one; hence o, 
and ¢, are also connected by the transitive property of connectedness. 

When we exclude the trivial case where there is only one point, it follows from 
Axiom 5 that to every point P there exists at least one point related to it. This 
means that every point belongs to at least one star; hence we can state on the 
basis of a previous result: 


Any point belongs to exactly two stars which it connects. 


We may therefore characterize any point P = P(a, 8) uniquely by the two 
stars a and 6 which it connects. Since we have observed that two points P and 
Q are related if and only if they belong to the same star, it follows that P(a, 8) 
and Q(y, 4) are related only when a or @ is equal to one of the stars y or 6. 

In our geometric system G we have taken the points as undefined elements 
and introduced the lines as certain sets of two or three elements associated with 
each pair of points. For these lines certain axiomatic properties have been laid 
down. To complete our geometric system we make the following definition. A 
subset K of the geometric system G is a geometric object when it has the property 
that for two points P, and P, in K the collinear point P; , when it exists, is also 
in K. 

The common points or cross-cut of two or more geometric objects is again a 
geometric object because if P, and P, are points common to them all the collinear 
point 6(P, , P.) is also a common point. Furthermore, to any number of geo- 
metric objects there exists a minimal geometric object, their union, containing 
them all. This union may be constructed by successively adjoining all collinear 
points to the points in the given objects. These remarks show that the geometric 
objects in G form a complete structure =, . The final step in our theory consists 
in showing that this geometric structure 2, is structurally isomorphic to the struc- 
ture Zs of all partitions of the set S of all stars in G. 

We construct this isomorphism by letting correspond to each point P, in G the 
minimal partition Ps; = Ps(a,8) of S whose only block with more than one 
element consists of the two stars a and 8 which Pg connects. Furthermore, to 
each geometric object Ag we let correspond the union As of all minimal partitions 
Ps which are the images of points P, contained in Ag . According to the definition 
of the union of partitions any two stars a and 6 belong to the same block in As 
if and only if there exists an overlapping chain of blocks with two elements or 
stars 


(a, a), (a ? 2), Ts (a, ’ B) 








C- 
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connecting them. Here any (a; , a;,,) must be a block in a minimal partition 
Ps(a; , @4,) which is the image of some point Pe(a; , a;.,) in Ag. But if Ag 
contains the points Py(a; , a4.) and Pe(a;., , a; 42) it follows from the proof of 
the transitivity of connectedness for stars that Ag also contains the collinear 
point Po(a; , a4). By induction one concludes therefore that a and 8 belong 
to the same block in As if and only if the point Pg(a, 8) belongs to Ag . Con- 
versely, to each partition As of S there corresponds a unique subset Ag of G 
consisting of those points Pg(a, 8) which correspond to the minimal partitions 
Ps;(a, 8) contained in As. It is clear that Ag must be a geometric object so that 
we have established a one-to-one correspondence between Y,g and Zs . 

It remains to show that this correspondence is a structure isomorphism. We 
saw that the cross-cut Ag (\ Bg of two geometric objects Ag and Bg consisted 
of their common points and lines. Thus in the partition of S corresponding to 
this cross-cut two elements a and 6 belong to the same block only if they are 
connected by means of minimal partitions contained both in As and B; . This 
proves that Ag (\ Bg corresponds to the partition As (\ Bs . 

The union Ag Bg was generated in the following manner. To the set 
M, = Ag + Be, of points in Ag and Bz one adjoins all points P; = B(P, , P2) 
which are collinear with a point P, in Ag and a point P, in B, . To the larger 
set M, obtained in this way one adjoins further all points P} = 8(P{ , P) which 
are collinear with a pair of points P{ and P}in M,. This process may be carried 
on repeatedly and the union Ag \ B, consists of all points which can be con- 
structed by this procedure in a finite number of steps. We now interpret 
this construction for the partition Cs corresponding to Ag U Bz in Zs . Let 
Ps(a, , a) be the minimal partition corresponding to P, and Ps(a2 , as) the parti- 
tion corresponding to P,. Then Ps(a, , as) is the partition corresponding to the 
collinear point P; . When this process of construction is continued one sees that 
any minimal partition Ps(a, 8) is contained in the partition Cs only if there 
exists a series of overlapping blocks 


(a, a), (a, ’ Q2), eondll (a, ’ 8) 


connecting a and 8. Here each P,(a;, a;,,) is a point belonging either to Ag or 
B, , and hence Ps(a; , a;,,) is a minimal partition belonging either to As or Bs . 
This proves that 


Cs = As U Bs 


in the partition corresponding to Ag U Bg . 
The preceding investigations shall now be summarized as follows. 


THEOREM 1. The geometric system whose lines have the properties postulated in 
the five enumerated axioms is structurally isomorphic to the structure of all partitions 
of some set. Conversely the structure of all partitions of a set can be conceived of as 
being such a geometric system. 
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2. Further remarks upon the characterization of the structure of partitions. 
In connection with the preceding characterization of the structure of all parti- 
tions we shall make a few further remarks. 

First let us mention that the geometrical characterization of the structure of 
all partitions can also be replaced by criteria which are purely structural in 
form. Let = be a complete structure in which every element is the union of the 
minimal elements or points which it contains. To establish whether this struc- 
ture is a structure of all partitions of some set we consider its minimal elements 
or points. Any pair of points P, and P, define a line, namely, the set of all points 
contained in the union P, U P,. The first two axioms in the preceding theory 
can then be expressed as follows: 


Axiom 1. The union P, U P, contains at most three points. 
Axiom 2. When P, U P, contains a third point P; then 
(3) P,UP,=P,UP; =P;VUP,. 


The two points P, and P, are related when there exists a third collinear point 
P; such that (3) holds. In this terminology Axioms 3, 4 and 5 of §1 can be trans- 
lated immediately into structural conditions. We shall not give the explicit 
reformulation of these axioms. It may also be mentioned that the preceding 
axiomatic conditions on the points and lines in the structure can be interpreted 
as graph properties of the diagram representing the structure. The reader may 
find it interesting to carry through such a theory. 

Another procedure consists in expressing the properties of the structure in 
terms of a multiplicative system. For two points P, and P, the collinear point 
P,; = P, X P, may be considered to be a product of the two given ones. This 
product is only defined for certain related pairs of points. The multiplication 
is found to be commutative and associative and in an equation P; = P, X P; 
any two elements define the third uniquely. The other axioms are also easily 
expressible as multiplicative properties. 

The dual problem of characterizing the structure of partitions by means of 
properties of maximal elements is also of interest. We shall not go into details 
regarding this problem; it may only be mentioned that it can be solved in a fairly 
simple manner. We have already observed that the structure of all fields of 
sets over a set S form a structure dually isomorphic to the structure of partitions 
of S. Consequently the determination of the structure of partitions by means 
of properties of the maximal elements corresponds to a characterization of the 
structure of fields of sets over S by means of properties of the minimal fields. 

To conclude, let us mention that one can also characterize the structure of 
equivalence relations by means of properties of arbitrary elements and not only 
maximal or minimal elements. This can be done, for instance, by means of the 
singular partitions. These are the distributively indecomposable elements of the 
given structure and they must correspond in a one-to-one manner to the subsets 
of the original set S. 
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3. Automorphisms. Let > and >’ denote two structures. A one-to-one corre- 
spondence between the elements of these two structures such that 


implies 
a\\bed 0, aUbead UD 


is called an isomorphism. An isomorphism of a structure to itself is called an 
automorphism. We shall now determine the automorphisms of the structure of 
equivalence relations on a set S. 

The solution of this problem follows from a simple study of the properties of 
maximal partitions. A maximal partition P, = Pz of a set S is a partition with 
two blocks A and A = S — A. The cross-cut P, (\ P, of two maximal partitions 
P, and P, is the partition with the four blocks 


(4) AS, AD 2. 22 


As before let us denote the universal partition of S by U. If none of the blocks 
in (4) are void it is seen that the quotient structure 


(5) U/Pa C\ Ps 


is isomorphic to the structure of all partitions of a set with four elements. Thus 
the structure (5) contains 15 elements including P, (\ P, and U. 

There can be a void set in (4) only when A D B or A D B. In this case we 
shall say that the maximal partitions P, and Ps, are related. When P, and P, 
are related the quotient structure (5) is isomorphic to the structure of partitions 
of a set with three elements. 

The special maximal partitions P, in which the block A = a is a single element 
are characterized by the property that they are related to all other maximal 
partitions. It is therefore clear that by any automorphism the singular maximal 
partition P, must be transformed into some other singular maximal partition 
P,.. We have seen that every partition is the direct union of singular partitions. 
Furthermore, every singular partition can be represented as the intersection of 
singular maximal partitions. From these remarks we deduce that every auto- 
morphism which leaves all singular maximal partitions invariant is the unit 
automorphism. Thus every automorphism can be represented uniquely as a 
permutation of the partitions P, , hence as a permutation of the set S. But, 
conversely, every permutation of the set S must correspond to an automorphism 
of the structure of partitions of S so that we have the following result, due to 
Garrett Birkhoff [1; Theorem 23] for the case of a finite set. 


THEOREM 2. The group of automorphisms of the structure of equivalence relations 
on a set S is isomorphic to the symmetric group defined by the elements in S. 
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It may be mentioned in this connection that the preceding characterization of 
the singular maximal partitions may be used to obtain an axiomatic character- 
ization of the structure of partitions by means of properties of maximal parti- 
tions. 


4. Homomorphisms in structures. A structure = is said to be homomorphic 
we 


to a structure =“ if there exists a correspondence a from = to =* such that every 
element in =“ is the image of at least one element in © and furthermore such that 


a—a*, b— b* 
implies 


aU b—a‘* U Bb’, af(\b—a‘*\ b*. 


The correspondence a itself is called a homomorphism from = to =*. When =* 
is a substructure of = we call a an endomorphism of . 

In the following, we are particularly interested in the homomorphisms of the 
structure of all partitions of a set, but in order to solve the problem of finding 
all homomorphisms of this special structure it is necessary to make some general 
observations on homomorphisms for arbitrary structures. 

We observe first that by a homomorphism a of a structure = to a structure 
* those elements a which correspond to the same image a“ in =* form a sub- 
structure S,. of 2. If, namely, 


a,— a‘, a,— a", 
then 
a, Va,— a", a, (\ a, a". 


Furthermore, one sees that 2,. is a dense substructure of 2%, i.e., if =,. contains 
two elements a, > a, it contains every element between a, and a,. Thus every 
homomorphism of a structure corresponds to a partition of its elements into dense 
substructures. It should be observed, however, that not every such partition 
need define a homomorphism. When the finite chain condition is satisfied in 
the substructures 2,. are quotient structures. The unit element e of 2 corre- 
sponds to the unit element e* of =“ but =“ can have a unit element even when 
> does not. 

We shall now turn to a particular construction for homomorphisms. Let 2p 
be a substructure of =. We shall write 




















a, = a ; (mod 2p) 






and say that a, and a, are equivalent with respect to X, if there exist elements t, 
and ¢, in 2» such that 






a,Vtiz=aVet. 
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It is obviously no restriction to assume that 2, contains all elements s in = for 
which there exists an element ¢ in 2) such that tf D s. The condition for equiv- 
alence with respect to 2, may also be written 


a,Uhp=aVh, 


where é shall belong to 2) . One sees immediately that the equivalence thus 
defined satisfies the three axioms for an equivalence relation. From the cross- 
division of = (mod %,) one obtains a correspondence a by letting each element a 
correspond to the class {a} to which it belongs 


a—a* = {a}. 
One observes that 
(6) a, =a,,b, =b (mod Z,) 
implies 
a,b =aUb (mod Zp). 


This shows that one can define the union of two classes by putting 
{a} U {b} = {aU B} 


and the union is independent of the choice of the representatives a and b in their 
respective classes. 

For the cross-cut of two classes a similar definition is usually not possible. 
One sees, however, that if the congruences (6) always imply 


(7) a(\b =al\b (mod 2) 
then one can define uniquely 
{a} (\ {b} = {a b} 


and in this case the congruence classes (mod 2) form a structure which is homo- 
morphic to 2. Such a homomorphism shall be called a modular homomorphism. 

We shall now determine the conditions for a substructure =, to define a 
modular homomorphism. Since one always has 


a=avVt (mod Zp) 
when ¢ belongs to 2, it follows that one must always have 
(8) . at\\b=(aUdNNS (mod 2p) 


for an arbitrary pair of elements a and b. But one can show conversely that 
when the condition (8) is always satisfied the congruences (6) must imply that 
(7) holds. One has, namely, according to (6), 


a,\Jt, =aVit, ,U42=6VU4, 
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where ¢, and ¢, belong to =, . Through the application of (8) one obtains suc- 
cessively 
a(\b = (aaAU4nb = (a@Ut)nbi =a), (mod Xp) 
and similarly 
a,(\b, = a. f\b,; = al) by (mod Xp). 
We can state, therefore, 


THEOREM 3. The necessary and sufficient condition for a substructure 2, of = to 
define a modular homomorphism is that for every pair of elements a and b in = and 
for every element t in S, there exist an element t’ in Xo such that 


(9) aM\bUl =(a@UQNDU?. 


It should be observed that ¢’ will usually depend on all three of the elements 
a,band t. It is always permissible to assume in (9) that the element ¢’ contains 
t since otherwise one could replace ¢’ by ¢’ U t. 

Condition (9) of Theorem 3 can also be stated as follows. For every pair of 
elements a and b in = and t in >, there will exist some ¢’ > ¢ in X, such that 


(10) (aUNANbUD)UL=(a@Nb) Ul. 
To prove that condition (10) implies (9) we need only to observe that 
(aVUNaANnbUDNUID(AUNNDNHUIDAND)V!. 
To show conversely that condition (10) implies (9) we write 
(aVUNNbUdD)UL=@NO0UN))UL4, 
aM\ (bUd))UL = (Nb Ut 
and find that (10) holds with ’ = 4, Ut. 


Let us consider the special case where >, has a universal element m). Such 


an element always exists when the ascending chain condition holds in =. We 


have then 





(mod  ,) 
if and only if 
am =bUm. 
In this case we can also write 


(mod mp) 
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and , is the structure of elements in = contained in m. The condition for an 
element m, to define a modular homomorphism may then be stated simply that 
for every pair of elements a and b in = one will have 


(11) (aU m) C\ (6U m) = (af\ b) U m 
or also 
(12) ((a\U m) (1) b) U m = (af\b)\Um. 


An element m, such that relations (11) or (12) hold for all elements a and b in 
> will be called distributive. Any distributive element defines a modular homo- 
morphism 


a—-aU m 


which projects = upon the structure of all elements in = containing m, . 

In order to determine all modular homomorphisms of a given structure = it 
is necessary to find all substructures >, which have the property required by 
Theorem 3. We observed that one can always assume that 2, contains every 
element x for which t D zx for some element ¢ in =. The substructure &, is 
therefore completely determined when one has found a set G(t,;) of elements ¢; 
in Y, such that every other element ¢ in 2, is contained in at least one of the 
elements ¢;. Such a set G(t;) in 2) may be called an enveloping set. One sees 
that in order to verify (9) for a substructure ~, it is sufficient to verify it for 
elements ¢ and ¢’ belonging to an enveloping set. 

The preceding theory may de dualized. We let =, denote a substructure of 
> with the property that when ¢ is in =, every element x > tis also in =. We 
write 


a, = a (mod ,) 
when 
a, C\ t= a2 C\ t 
for some element ¢ in =). This definition of congruences introduces a class- 
division of = and as before these classes constitute a system =* which under 
certain conditions is a structure homomorphic to =. This type of homomorphism 
shall be called a dual modular homomorphism. As in Theorem 3 one finds that 2, 


defines a dual modular homomorphism if and only if for any pair of elements a 
and b in = and any element ¢ in 2, one can find an element ¢’ C ¢ in =» such that 


(13) a@UdbAt =(aNdDUDBNE. 


When >, has a unit element n, the necessary and sufficient condition for a dual 
modular homomorphism becomes 


(14) (af\ m) U (b01’\ m) = (aU b) Om. 
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An element n, for which this relation (14) holds for all a and 6 in = shall be called 
a dual distributive element. Any dual distributive element defines a dual modular 
homomorphism through the correspondence 


a-mal\n. 





5. Homomorphisms of the structure of partitions. The preceding general 
theory will now be used to determine the homomorphisms of the structure 2 
of all partitions of a set S. As a simple consequence of Theorems 13 and 15 of 
Chapter 1, we have 


THEOREM 4. Except for the unit partition E and the universal partition U there 
exists no distributive or dual distributive element in the structure of partitions. 


This theorem shows that in the case of a finite set S no modular or dual modular 
homomorphism except the trivial ones can exist. We can therefore exclude the 
finite case from the subsequent considerations if we so desire. The study of the 
infinite case is based upon the following 


Lemma. Any substructure 2, defining a modular homomorphism in the structure 
> of all partitions has an enveloping set consisting of singular partitions. 


Proof. We shall have to show that every pariition in 2 is contained in a 
singular partition also belonging to =, . Let T be some non-singular partition 
in =. Those blocks in 7 which contain more than one element shall be denoted 
by T; and their set sum by 


T =D T.. 


In each block 7’; we select two different elements a; and a‘! and we denote the 
sets of all a; and a{ by A, and Aj respectively. Furthermore, A and A’ are the 
singular partitions whose main blocks are A, and Aj. Finally, B and B’ are the 
singular partitions with the main blocks 


B, = T) — Ao, 














Bi = T, — AS. 
According to these definitions one finds that 


T=AUT=A'UT 











is the singular partition whose main block is T,. We shall prove our lemma by 
showing that 7* belongs to =,. According to (9) there must exist a partition 7” 
in 2» such that 


(AMBUT’ = (AUT)OB) UT". 
But in this case one finds 


(AUT)(V\B = B, AI\B=E 
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so that there must exist some 7” in XY) such that 7” D B. Similarly one deduces 
the existence of a partition 7” in =, such that 7’ D B’. Therefore, B and B’ 
both belong to >, and since 


T*=TUBUB 


our lemma is proved. 
From this lemma we deduce 


THEOREM 5. The structure X of all partitions of a set S has no modular homo- 
morphisms except the trivial ones defined by the unit partition E and the universal 
partition U. 


Proof. It is sufficient to show that if the substructure =, which defines a 
modular homomorphism contains a partition different from EZ then U belongs to 
>, so that > = L. It is clear that if 2, contains any partition different from E 
it must contain some minimal singular partition P whose main block P, consists 
of two elements a, and a,. We have already observed that the basic set S can 
be assumed to have an infinite cardinal numbere. Then it is possible to define 
two disjoint sets Ay and Aj such that 


S = Ay + Aj 


and a, belongs to A, and-a, to Aj. The maximal partition whose blocks are Ao 
and Aj shall be denoted by A so that 


AUP=U. 


Since A, and Aj have the same cardinal number, a one-to-one correspondence 


aca’ 

can be established between the elements of the two sets. This correspondence 
can be used to define a partition B whose blocks are pairs of elements (a, a’). 
One sees that 


(AU P)OV\B = B, AI\B=E, 


und when (9) is applied it follows that there must exist a partition P’ in 2, con- 
taining B. Consequently, B belongs to >, and according to the preceding lemma 
there must exist a singular partition in =, containing B. But since B has no 
blocks consisting of single elements the only singular partition which contains 
B is U and Theorem 5 is proved. 

One can also deduce the dual theorem: 


THEOREM 6. The structure X of all partitions has no dual modular homomor- 
phisms except the trivial ones. 
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This result may be proved as a consequence of the rélation (13) which gives 
the condition for a dual modular homomorphism, but the proof will be omitted 
since the theorem is also a consequence of the next theorem. 

In order to complete these investigations on the homomorphisms of the 
structure of partitions we shall establish a rather interesting theorem on homo- 
morphisms of structures in which there exist relative or dual relative comple- 
ments. Let us recall that a structure = has relative complements if to every 
pair a -_> b of elements in = there exists an element c such that 


aVJc=u, af\c=b 
and > has dual relative complements if there exists a d such that 
bd =a, bf\d =e. 
Here u and e are the universal and unit element as before. We prove 
THEOREM 7. Ina structure with dual relative complements every homomorphism 


ts a modular homomorphism. 


Proof. Let a be a homomorphism of = to =“ and let 2,. be the structure of 
all elements in > having the same image in =“ as the unit element e. Next let 
a and b be two elements with the same image a* in =*. Since a U b also has the 
image a“ it is no limitation to assume that a D b. Because there exist dual 
relative complements some d can be determined such that 


bUd=a, bi\d=e. 
When a is applied to these two relations one obtains 
a* \) d* = a’, a* (\d* = e*, 
The first of these conditions states that d* is contained in a* and the second gives 
d* = e*. Thus a* = b* always implies 

a=b (mod ¥,.<) 

and conversely; hence a is a modular homomorphism. 
The dual Theorem 7 is obtained analogously. Theorem 6 is seen to be a 


consequence of Theorems 5 and 7. The combination of these two theorems also 
leads to the principal result, which is 


THEorEM 8. The structure of equivalence relations has no homomorphisms except 
isomorphisms and the trivial homomorphism in which every element has the same 
image. 


An endomorphism of a structure = is a homomorphism of = to a substructure 
~*. Since the structure of partitions has no essential homomorphisms it cannot 
have any endomorphisms when the basic set S is finite. But when S is infinite 
there always exist certain endomorphisms of =. These endomorphisms may be 
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determined by a method based upon the classification of the structure of parti- 
tions given previously. Since the analysis involved is rather cumbersome it 
shall be left to an interested reader. 


Lt 


~J 
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THE RECIPROCAL OF CERTAIN TYPES OF HURWITZ SERIES 
By L. Caruirz 


1. Introduction. By (integral) Hurwitz series we shall mean series of the 
form 





(1.1) fy = > 42 wr, 


where A,, = A,,(x) is a polynomial in an indeterminate x with coefficients in a 
fixed Galois field GF(p"), and the denominator is defined by 


gn = g(m) = F;'F," --- Fy (go = 1), 
where 
m = a + ap" + --- + a,p” (0< a; < p”), 
and 
F, = (" — de" — 2”) + ee -— ”) (Fo = 1). 


For properties of Hurwitz series required here see [1; esp. 507-509]. We are 
interested in the coefficients of u/f(u). 
First, however, we consider the “‘linear’’ case 





(1.2) fw» => a ya (A, = I), 
i=0 i 


where again A; is integral, that is, a polynomial in x. Now the inverse of (1.2) 
has the same general form, say 





(1.3) Mu) = >> i wr (E, = 1), 
+=0 i 

with integral Z;. In a previous paper [2] we assumed 

(1.4) E, =0 (mod g(p™* — 1)). 


We now make the milder assumption 
(1.5) E; =0 (mod L;-;) 


for i > 0, where 


mn(k—2) 


L, = @" ~-96"""" -9---@ -2 (Ly = 1). 


Define 8,, by means of 
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so that 8,, is rational in x. Then we prove that 


(1.6) B. = G, — eE; Xu (—1)"" Et Iy-1 p> > 
where G,, is integral, E, = EjL,_, , e and d are rational integers (p ¥ e), the 
inner summation is over irreducible polynomials P of degree k, and h and k are 
integers determined by m and satisfying certain conditions. If these conditions 
are not satisfied, then (1.6) reduces to 6,, = G,, , that is, 8,, is integral. It will 
be noted that (1.6) is somewhat more complicated than the corresponding 
theorem based on (1.4); in the present case, however, it is not necessary to frame 
a supplementary theorem for p” = 2. 
Turning next to the general series (1.1) we denote the inverse function by 





(wy => en 5 (A, = « = 1). 
m=1 m 


Corresponding to (1.5) we now assume 
(1.7) L; | €m for p"' < m. 


The final main result is similar to (1.6). The following formula enables us to 
make use of the results of the linear case: 





(1.8) aT Cu) > Anos — (mod P), 
: - 


where P is irreducible of degree k. By >> A, > - Zz. Ae “ (mod P) is 
aad J m Lead J m 

meant the system of congruences A,, = Aj, (m = 1, 2, ---). We remark that 

(1.8) is independent of the hypothesis (1.7). 


2. Preliminary results for the linear case. Substituting from (1.2) and (1.3) 
in the identity 


(2.1) A(f(u)) = 4, 

we have at once 

(2.2) = {™ E, Av"; =0 (m > 0), 
1=0 


f 


where the coefficient 4 is defined by 


oe im) = {mh 
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and is integral. Now let P denote an irreducible polynomial of degree k. For 
the present purpose it will be sufficient to assume 
(2.4) P| E; fori > k, 
which is weaker than (1.5). Then using (2.4), (2.2) becomes 








the : 
k { 
are (2.5) (mz, az, <0 (mod P). 
ions ‘=0 (2 
mu Now by (2.3) 
ling / a en eae 
ame (2.6) im = Palim — tf atm i+ ((m] = 2” — 2), 


so that, for k | m, 


m\ _ j\Ofor0 <i<k, 
I). if = )1 fori = 0,k. 








Hence, if we replace m by km, (2.5) reduces to 
< m. Aim + Ex ie = 0, 
that is, 
is to : 
Aim = — E,Aiim-1 ’ A, = — E,. 
Repeated application of this recursion leads to 
2 
P), (2.7) Aim = (—1)"EP = AT (mod P), 
; Next consider 
”) s k am 
eer {m a A 
that F, a 4 a ee 


Using (2.6) it is easily seen that 
(m _ jOfork 4 m, 
(1.3) lk ~ \1 for k | m; 
then by (2.7) we get 
(2.8) a oy a 
> 0), k E 
(2.9) u=)> rr (mod P). 
For brevity, put 


(2.10) 
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then by (2.8) 

(2.11) feuds” => Ait 
. o=> A F, = ‘ sig F,, . 


Next, from (2.9) and (2.10) it follows that 





hast Dep 
Raising both members of this congruence to the (p" — 1)-th power we get 


fr" = fr" + R, 


where R denotes a sum of terms each of which involves f’, where r > p™. Hence 
[1; Theorem 3] R = 0 and we have the following [ef. 2; 237, formula (2.13)] 


LemMa 1. If the coefficients of (1.3) satisfy (2.4), then 


(2.12) ae P.. <—) ; (mod P), 


= 
where P is irreducible of degree k. 


When (1.4) holds, this result suffices for the main theorem. For the weaker 
assumption (1.5), however, it is necessary to extend (2.12). We shall require 
a formula for 










(2.13) (mod P). 






In the first place, by (2.10) 






(2.14) 








Now if f,(u) = f2(u), where f, and f, are arbitrary series of the form (1.1), it is 
easy to see that 










(mod P). 





=: 







Hence, (2.14) yields 


PY is nk ms * ( c)\ i E, " iit Re ‘7 E, a 
| pied * at E, F. “= (fo uy” =fo u P, " : 


Continuing in this way we get 


k F,; 












(2.15) E =f,—u--:--E, 
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From (2.12) and (2.15) follows 


nkewy 
pet f’ 
a F F tiie 
( TP oo k(e-1)) 


af '(f.- ow” (i. —-u- i w") Saat 
k 


liP ¥ E, , this reduces to 





























mke_y pr*—1 pre(e-1)—4 
(2.16) i— = ert 
gp"* — 1) g(p™ — 1) gp ~® 
nce it is easily seen that (2.16) holds for P | E, also. Put 
_ — : au” 
(2.17) annem iin C.—, 
g(p™ — 1) X Ym 
P) so that the right member of (2.16) becomes 
nkt m+ prkt—y 
C. fine £ P- ) nkt (t malin as 1). 
™ g(m)g(p"" — 1) gim+ p™ — 1) 
uker Now it may be verified that 
uire sa , ea sia 
(2.18) g(m + P nae ) =| or p . | m, 
g(m)g(p"* — 1) 0 otherwise. 
P). Clearly, then, the only terms in the right member of (2.17) that we need consider 
are those arising in the expansion of 
@ i pr*—1 
(Sa) 
We may now state 
adi Lemma 2. If f(u) satisfies the hypothesis of Lemma 1, then 
~— 1 o wr p™*-1 debt 
> (2.19) — =—— > An = —— : 
P). gp’ — 1) g(p™ — 1) \irFa Pri Fr" -} 


It is now not difficult to expand (2.13). Define u(m) by means of 
m=b+bp+-:-- +b, (0 < b; < p), 
u(m) = bo +h, +:---+56,. 


Then it may be shown that [2; end of §2] for C,, as defined by (2.17) we have 
C,, = 0 unless 


(2.21) p" —1|m, u(m) = nk(p — 1), 


(2.20) 
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while if both parts of (2.21) are satisfied then 
(— 1)" a 


I] a! * 


(2.22) C, = 





(mod P), 


where 


d= Ps ip’ Dari +i- 


t.7 





To determine the non-vanishing terms in the right member of (2.19), consider 
the term in u”. Write 


(2.23) m= pho? —~1+m. 
Also (2.21) must hold for m, : 
p —1|m, pulmo) = nk(p — 1). 
Hence it follows that 
u(m) = w(p™“*~” — 1) + pm) 
nk(s — 1)(p — 1) + nk(p — 1) = nks(p — 1). 
Conversely, suppose u(m) = nh(p — 1); then (2.19) will contribute provided 


(2.24) h = ks, p™ ne 1 | m, sili | m + 1 













hold. If (2.24) is satisfied, then the contribution is C,,, . This proves 





Lemma 3. If (2.4) holds and k | h, then 






et = u™ 
(2.25) Pe es p> Cue o. (mod P), 


where C,,, is defined by (2.22) and (2.23). 







3. The main theorem for the linear case. Clearly 







u Af) Shor GH ff" 
3.1 —-=-“= — = —- +. 
ati f f 2. ff tao Ly g(p™" — 1) 
If we put 
* i > cy U” 
——_ = pos, 
gp" — 1) “= Im 






where C“ is integral, then comparison with (3.1) gives 






(3.2) 






the summation extending over all h such that p™ — 1 < m. 
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Now assume (1.5), that is, put 
(3.3) E, = Ei, (h > 1), EK, = 1, 


so that (3.2) becomes 


| P), 


Ex 
(3.4) 6. = > ih 
from which it is clear that the denominator of 8,, contains only simple factors 
(at most). For more precise information we make use of the results of §2. Let 
m be fixed and P irreducible of degree k. Then P can occur in the denominator 
of B,, only if u(m) = nh(p — 1) and in addition the several parts of (2.24) are 
all satisfied. Since h is uniquely determined by m it follows that (3.4) reduces to 


3.5) pa = G+ GEC (u(m) = nh(p — 1), 


Cc. ({h] = 2" — a), 





sider 


where G,, is integral. If u(m) is not divisible by n(p — 1), then (3.5) becomes 
simply 8,, = G,, , that is, 8,, is integral. If, however, u(m) = nh(p — 1), then 
according to (3.5) the denominator of 8,, may contain irreducibles P of degree k, 
where h = ks. However, we have seen that C“” = 0 (mod P) unless 

led § (3.6) p —1l|m ph? |m+1. 

Assume that (3.6) is satisfied; then since 


1 ed 





[h] deg P\h P? 

the summation extending over all P of degree k dividing h, we get 
c™ P’ 

~ [hy FP’ 


where the summation is now restricted to k satisfying (3.6). Substituting from 
(3.7) in (3.5) we have finally 


d P), 


(3.7) 





= G, + Cy 


p. = 6. — BO? DF. 
P 
Now, use (2.22) and (2.7) and we obtain the following 


THEOREM 1. Asswme the series 


fu) = Ew (45 = 1) 


t=0 





has an inverse satisfying (1.5). Put E, = Ein, 
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If the system 


(3.8) u(m) = nh(p — 1), pe-ils, pee’ lm +i 


(where u(m) is defined as in (2.20)) is inconsistent, then B,, is integral, while if (3.8) 
is consistent then 


(3.9) 2.=6.-ROR YO = 


b J 
kih deg P=k a 


where G,, is integral, the inner summation is over all irreducible P of degree k and 
the outer summation is over all k satisfying (3.8), and d and e are determined by 


as ie gre +1= * Ugctosy 7 b;p' (0 < Bb; < p), 


(—1)"*? i 


i,7 


The outer summation will extend over all k dividing h only when m = p™ — 1. In 
this case there is the explicit formula Bj... = E,/L, . 
Since P’ = (—1)*"Z,_, (mod P), we have as a variant of (3.9): 
7 pa eld 1 
(3.10) G,, — eE{ > (-1) ‘Ef Ly. Lp 


k P 


which is the result stated in the introduction. 
One or two immediate corollaries of Theorem 1 may be mentioned. In the 
first place, it follows at once that 


Buz = x(x" — 16, 
is integral; more generally 
Bay = U(U™ — 1)6,, 
is integral for U an arbitrary polynomial. Second, if u4(m) = nh(p — 1), then 
[Abn = (2 — 2)B, 
is integral, and generally 
(U™ — U)B. 


is integral for integral U. 
Again, if we assume 


(3.11) P| E for deg P < h, 
it is clear that (3.10) reduces to 


(3.12) Bn = Gn — (—1)*"*eki** _ 1 ; 


deg P<h P 








n the 


, then 


P< 
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provided 
u(m) = nh(p— 1), p™—1|m; 


in (3.12) the integers e and d are determined as above—with s = 1. (Actually 
(3.12) follows from 


P| E for deg P | h, deg P # h.) 
In particular, (3.11) will be satisfied if L,_, | E{ , that is, if 
(3.13) aa | Ey. 


Clearly (1.4) implies (3.13)—execept when p” = 2 = h. 
Finally, if (3.11) be replaced by 


(3.14) P| E for deg P | h, 
it is evident that (3.12) reduces to 6,, = G,, . Now (3.14) is equivalent to 
2” — x| Ef, or what is the same, 

(3.15) L,| E,. 


Thus we have the result that if (3.15) holds, then B,, is integral. We remark that 
if (3.15) is satisfied, then 


Neo Se elo Se. 
amo H's * gp" — 1) 
where D, is integral, and therefore \(u) = ug(u), where g(u) = 1 + ¢,(u), and 
¢,(u) is of the form (1.1). As a consequence, the coefficients in u/A(u) are also 
integral. 
The last result may be carried a bit further. A series of the form g(u) = 
1 + ¢,(u) evidently has the property that its reciprocal 


+e)’ =l-@ate--::: 


is also of the same type. Accordingly, we call the series 


(3.16) 1+> 4.~, 

m=1 Im 
where A,, is integral, a unit series. Now it is easy to show that the quotient 
\(u)/u is an integral Hurwitz series (and therefore a unit series) if and only if 
condition (3.15) holds. But we have just seen that this condition also implies 
that 8,, is integral. This in turn implies that f(u)/u is a unit series, and therefore 


(3.17) L, | A, . 


Thus we have the result that (3.15) and (3.17) are equivalent. Another way of 
putting it is that the quotient f(u)/u is a unit series if and only if \(u)/u is a unit 
series. 
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4. The general series. We shall use the following notation. Put 


(4.1) f(w) = . = (a, = 1); 
let 
(4.2) A(u) = . ~* (e, = 1) 


denote the inverse of f(u). We shall also write a(m) and e(m) in place of a,, and 
én , respectively. To begin with, we require the following lemma which is inde- 
pendent of any hypothesis on f(u)—except that a,, is integral. 


Lemma 4. For P irreducible of degree k, 


o pr* o nk(i-—1) 
(4.3) Zz, ~y i’) = ap wr (mod P). 


To prove this formula, note that the left member of (4.3) 


nk m 





o nk P 
(4.4) => a ip) ae 
m=l F.g’ (m) g(p™m) 


and the coefficient [1; Theorem 2] 





gpm) _ 4 
F,g’” (m) 





for m # p”™, 









while if m = p™, it reduces to 


Pave _ {k+ s\ 
x ae a 






(O for ky s, 
1 fork | s, 












as previously observed. Therefore, (4.4) becomes 





o prk(e+r) 


) a(p’ ) > (mod P), 
k(s +1) 


s=0 











so that we have proved (4.3). 
We now introduce the hypothesis 


(4.5) P | €n for p™ < m. 
Then if (4.5) holds, A(f) = u implies 









(4.6) (mod P). 










Now let 





(4.7) 
















P), 


mM. 
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so that by (4.6) 


p™*-1 


eft Sp; 


m=2 


therefore, by a familiar principle we have 


(4.8) f'" ai. 
Next, substituting from (4.3) in (4.7) we get 


anki 
u” 


(4.9) fou lp) ofp) 


To further simplify the right member of (4.9) we require certain congruences 
involving a(p™) and e(p™). Returning to (4.6) we pick out the coefficient of 
u’” /g(p™) on the right side. It is not difficult to see that the only terms con- 


tributing to this coefficient are those for m = 1 or p™; this gives 
(4.10) a(p™) + e(p™) = 0. 


. . . ki, 
More generally if we examine the coefficient of wu” /g(p 
same way 


nki 


) we get in exactly the 


a(p™') + oat (p™)a(p™""?) = 0, 


from which follows 
(4.11) a(p™**) as (- 1)‘e'(p™) = a‘ (p™). 
Substituting in (4.9) we get finally 


wah 5 a 
We have therefore proved 
Lemma 5. If P is irreducible of degree k, and (4.5) is satisfied, then 
( w m) p™*-1 pki) pnk—1 
(4.13) \2 a. —| = 1s ap | (mod P). 
1 9m) i=0 


This result may be compared with (2.12), the corresponding result in the linear 
case. It is then clear that the proof of Lemma 2 carries over without any change, 
and thus we get 


Lemma 6. If the hypothesis of Lemma 5 is ve then 


1 oe y) yw eb} 
(4.14) o(p* — y/ it 5, a Fa wy 


prt(e- ay 





x = ‘ 
g(p ee 1) 
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The remainder of the discussion in §2 can also be carried over without difficulty 
to the general case. We may state 


LemMA 7. If (4.5) holds and k | h, then 
(4.15) — a = Lima u" (mod P), 
g —_ me 


where yn, = 0 unless 
(4.16) y(m) = nh(p — 1), h = ka, p —1|m, pee’ | m+ 
hold, while if (4.16) holds then 





, ro (—1)" ds nk 
(4.17) 1. = [1 a’(p”), 


where 
m—p"'P41=Sdbp' O<b <p, d= ZL ipa. 


We may now derive the main theorem. Clearly 


UL Mp) eee f 
t=). y .H->F ~. 





Put 
. we LLP woe 
5. = & gi » ” So 
where y‘. is integral; then 
} Ji-1 1) 
(4.18) Q.= 2, enh 
i<m+l1 9; 
Now it is easy to see that 
gi =a nh | > n(h+1) . 
(4.19) * ef L, (p" |i, p X17). 
i-1 


Hence, if we assume the hypothesis 


(4.20) L; | & for p" < 


it is evident from (4.19) that g;_,¢;/g; is integral unless i = p™. Thus (4.18) 
reduces to 


+> SP, *) (p™*—-1) 


Ym ’ 











ulty 


P), 


’Y2). 
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where G,, is integral. Note that fori = p™ condition (4.20) becomes L,_, | «(p™). 
Then by Lemma 7, if u(m) = nh(p — 1), we have 


8. = G, + #2 


4h 


(p™*#—-1) 
Ym : 


Hence, comparing with the corresponding point in §3 it is clear how we may 
complete the proof of 


THEOREM 2. Suppose the Hurwitz series (4.1) has the inverse (4.2) which satisfies 
the condition 


L; | Em for p” < m. 
Define B,, by 
u = u™ 
+ oe ‘0 = 1 ’ 
Jy = 2,9= 5. . = 1) 


and y(m) as in (2.20). If the system 
(4.21) y(m) = nh(p — 1), h = ke, p —1|m, pe? im+1 


is inconsistent then B,, is integral, while if (4.21) is consistent then 


n d nk vie 
(4.22) Bn = Gn — ee'(p™) » de’) Lt = 


deg P=k P 


where e(p™) = L,-1€'(p”), and d and e are defined as in Theorem 1. (The outer 
summation will extend over all k dividing h only when m = p™ — 1.) 


In place of (4.22) we may also write 
n \k-1 ds _nk 1 
(4.23) Bn = Gn — e€(p") 2) (-I (Pan Le 5: 
k P 


As in the case of Theorem 1, there are a number of immediate corollaries of 
Theorem 2. For example 


Bn.v -_ U(U” — 1)8., 
is integral for U an arbitrary polynomial; if u4(m) = nh(p — 1), then it follows 
as before that (1 rm” _ U)B6., is integral. Again if we assume 
(4.24) P | &(p™) for deg P < h, 
then (4.23) becomes 
8. a G.. Pk (—1)*'ee*"(p™) >. - 
deg P=h 


provided y(m) = nh(p — 1), p™ — 1 | m; otherwise 6,, = G,, ; in particular, 
(4.23) will hold if (4.20) is replaced by 


Li | & for p"’ < m. 
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In the next place, if (4.24) be replaced by 

(4.25) P | &(p™) for deg P | h, 
then (4.23) reduces to 8,, = G,,. Now (4.20) and (4.25) are together equivalent to 
(4.26) L; | én for p"’ < m. 
But if (4.26) is satisfied, then the inverse function (4.2) becomes 


— Lin im — Li bnJm-1 U” 
A(u) = — ae = | tc: ccs a nw. Seay 
( ) > Im > Im Jm-1 


’ 


where L;5,, = €, . Clearly, by (4.19), Ljgn-1/gm is integral, and therefore 
A(u) = ug(u), where g(u) is a Hurwitz series. Thus in the present case also if 
(4.26) holds, then the coefficients of both u/f and u/d are integral. It is not clear, 
however, whether the final result in §3 can be extended to the general case. 


BIBLIOGRAPHY 


1. L. Caruirz, An analogue of the von Staudt-Clausen theorem, this Journal, vol. 3(1937), pp. 
503-517. 
2. L. Caruirz, The reciprocal of certain series, this Journal, vol. 9(1942), pp. 234-243. 


Duke UNIVERSITY. 








ore 
> if 


ar, 


pp. 





THE POISSON INTEGRAL REPRESENTATION OF FUNCTIONS WHICH 
ARE POSITIVE AND HARMONIC IN A HALF-PLANE 


By L. H. Loomis anp D. V. WippErR 


A theorem of Herglotz states that a function is positive and harmonic in a 
circle if and only if it can be expressed as a Poisson-Stieltjes integral with non- 
decreasing integrator function (see, for example, [1; 571] for a proof and for 
a reference to the original paper). A corresponding result was stated and 
proved by S. Verblunsky [2] for a half-plane. The proof was obtained by trans- 
formation of the half-plane into a circle. We propose to give here an independent 
proof without use of any such transformation. We obtain incidentally an 
interesting uniqueness result, Theorem 3, which seems not to have been stated 
explicitly before. The proof assumes no more recondite knowledge of a harmonic 
function than that it cannot have a minimum inside its region of definition. 


THeoreM 1. If o(x)/(1 + 2”) « L in (—@, @) and is continuous at 2» , then 
. 1 f* y 
1 F(a, =— / ———*——_ fi) di 
(1) @ewo-7) stp 
is harmonic for y > 0 and F(a ,0 +) = ¢(2o). 


As | t | —> o, the expression (¢ + 1)/(t — x)’ approaches 1, and so has a finite 
upper bound M,(x) over |¢t — x| > 6. Hence for y + 0 


2 rl | 
/ — dt K yM,(z2) / Lo | dt. 
ztsy + (t — 2) w1+ef 


It is thus clear that the integral (1) converges for y > 0. It represents a harmonic 
function there since the integrand is harmonic for each fixed ¢t. Since 


Sf a Si, 
wie? + (@ — 0 


we also have, for any 6 > 0, 


zro—s o | ' 
| : | = o) | 
| F(t , y) — eee) | < Miao) * ( [+] x ao —— dt 


+ u.b. | off) — efx) |. 


lt—zelsd 





Hence 


lim | F(a, y) — (a) | < u.b. | oft) — g(x) |. 


v0 + lt-zels 
Since the right side approaches zero with 6, the theorem is proved. 
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THEOREM 2. If f(x, y) is harmonic and non-negative for y > 0, then f(x, y)/ 
(1 + 2°) «Lin (—~, @) for each positive y. 


Consider the function 


1 yf(t, 5) . 
| = lt ( 0). 
s(x, y) Brame 6 > 0) 


By Theorem | it tends to f(x, 6) or to zero according as | x | < Ror|2x| > R. 


That is, the harmonic function f(x, y + 6) — Fx.;(x, y) is non-negative for y = 0. 
It has the same property for y > 0. For, if it were negative at a point with 


positive ordinate, we would enclose this point in a square with sides x = p, 
x = —p,y = 2p, y = 0. On the first two sides 
| Pr.s(x, y) |< —!—_ fit, 8) at (p > R), 
mp — R)° 


and on the third 





ie Oe Ge 
| Fy (2, y) < 2xp [1 5) dt. 


That is, f(x, y + 6) — Fr.s(x, y) would, for large p, be smaller at the point where 
it was assumed negative than on the boundary of the square. This is impossible, 
so that for y > 0 


@) lim Fraley = Foe, = 7 GM Sats fe,y + 9. 


0, y = 1, we have the desired result. 





Setting x = 








egw M 3. If f(x, y) is harmonic and non-negative for y > 
= 0, then it is a positive constant multiple of y. 


0, vanishing for 





By the Schwarz reflection principle f(z, y) is harmonic everywhere if we set 
I(x, ~e) = —f(x, y). Hence, in the Fourier expansion for f(r cos @, r sin @) 
= f(re*) the cosine terms vanish and 








f(re®) = > b,r" sin n@, 


n=l 


rb, = 3 i f(re’’) sin né dé. 
® Jo 
But then, since | sin n@ | < n | sin @| we have 
— 2n [” 03 
r'b, | << — f(re’) sin 6d0 = nrb,. 
T 0 


This holds for all r > 0, so that b, = O when n > 1. This completes the proof. 
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y)/ THEOREM 4. The function f(x, y) is harmonic and non-negative for y > 0 if 
and only if 
(a fle, y) = Ay++ f =—*— aa 
? S ‘5 y° + (t tia x)’ ’ 
0). where a(t) is non-decreasing and A is a positive constant. 
The sufficiency of the condition is evident. To prove the necessity, observe 
R. that the function F;(x, y) defined in the proof of Theorem 2 approaches f(z, 4) 
= when y approaches zero, by Theorems 1 and 2. By inequality (3) and Theorem 3, 
it 
p, f(z, y + 6) — Pi(x, y) = Avy (A; > 0,y > 0), 
' 1 f° _yi+?) ) 
ry) =1 (4 = —_o-___—_—. dg,(é) J, 
f(z, y) lim \ Avy ere P+ 2 B;(0) 
R), 
* f(t, 4) 
B(x) = [ + at < f(0, 1+ 8). 
Since 8;(x) is non-decreasing and uniformly bounded for -° < z < @ and 
0 < 6 < 1, we may apply the Helly theorem [3] and the Helly-Bray theorem [3] 
in the standard way to obtain 
ere 
ble . lf” yit+f) 
’ (5 (x,y) = Ay+-— earaeer  e 
) f(x,y des he ge ee 
(These theorems do not apply to the infinite interval unless a jump at infinity 
in the integrator function is admitted. We admit this jump in the first instance, 
then remove it, absorbing the resulting constant in A.) Here A(t) is non- 
decreasing and bounded since it is the limit of a suitable sequence of functions 
for taken from the set 8;(t). Equation (5) is equivalent to equation (4) if we set 
a(z) = / (1 + &) da) (-e <e< ah 
set . 
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